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1. NMpegucnosue

BexTopubiii H BeKTOPHO-KOOPJAWHATHBIH METOAb pelueHHs 3aja4y AB-
AAIOTCA CPABHHTEJNbHO HOBHIMH TeMaMH B IUKOJILHOM KYPCe reoMeTpHu, H
OBJaJileH e HMH BbI3bIBAET TPYAHOCTH HE TOJNBKO y yYalllUXCs, HO H yuHTe-
Jeft. 310 ecTeCTBEHHO, TaK KaK M3Y4aercs HOBLIA f3BIK MaTeMaTHKH, HO-
Bas «a30yka» oOlUleHHA H, KOHeuHo, HOBhle 3ajauH. K Hum B nepByio ove-
peilb OTHOCATCA 3aJauH, YCJAOBHE KOTOPHIX COAEPHKHT BEKTOPHI, a CJe/0Ba-
TeJIbHO He Bo3HHKaeT Bonpoc: ¢KaK pelars 3ajauy: ¢ MOMOILBIO BEKTOPOB
uan 6e3 HHX?»

Bor moueMy B KHHre, NOCBAUIEHHOH BekTOpaMm, abconioTHoe GOJbLIHH-
CTBO 3a/lau BEKTOpPHOro cofepanusi. MMeHHO Takue 3ajayd ABAAIOTCA
MPEKPACHbIM MaTepHAJIOM 15l H3yHeHHA BEKTOPHOrO A3blKa.

B03MOXHOCTH BEKTOPOB LIHPOKO HAMIOCTPHPYIOTCA B KHHTE MPH peiue-
HHH TPAAHUMOHHBIX 3aja4 KJaccHueckoli reomerpud. C HX noMomibio
OHH MHOrJ@ MMEIOT Ha NepBuiii B3raAAA 6oJjee JaKOHHYHOE pelleHHe, 4eM
TPAaAHUHOHHOE, a B HEKOTOPLIX C/yyasX BHIK/JAAKH PELIeHHA C MOMOULbIO
BEKTOPOB MOTYT IOKa3aThCsl CJHIIKOM rpoMO3ZKHMH. XOTHM cpa3y npe-
AYOPEAHTL YHTATENA: TaKoe CPaBHEHHE HEeYMECTHO, TaK KaK KJAaCCHUeCKHH
H BeKTODHHIH METOJ — 3TO pa3Hble A3BIKH MAaTEMATHKH, H MBI YUHMCS ro-
BOPHTH HA OJHOM H3 HHX.

B kHHre peiieHsl Bce BeKTOpHbie 3afaun «COOPHHKA 3ajay MO Marema-
THKe A5 NOCTYMalomKX B By3bi» moa peaakuweii M. M. CkanaBu nsartoro
uznauusa u «CO0PHHKA KOHKYPCHBIX 3ajay IO MateMaTHKe s MocTyna-
iomux B By3b» moa perakuueir M. M. CkaHaBH 4YerBepTOro H3JaHHA:
oun oBo3uauaiorcs coorsercreenno: CK. V., CK. 1V. Kpome atux sanay,
B KHHT'Y BKJIOUeHbl HauGosiee «3HaMEeHUTHe» BeKTopHbie 3ajiaud, Hekoro-
pBle 3aJ]aui COCTaBJIeHbl aBTOPOM.

-

2. OCHOBHBIE TEOPETMYECKME CBEJEHMA.

1. Myers A, X, C — npon3sossHbie ToukH. FiMeeT MecTo paBeHcTBO

AX +-XC ="AC (2.1)

Dopmyny (2.1) Ha3bIBAIOT «NPaBUIOM TPeyroJbHHKA»
2. [lan mo6uix Tpex Touek A, B, X umeer mecto dopmyJia:

AB =XB —XA (2.2)

Dopmyast (2.1) u (2.2) unaswmBsalor dopmynavMu «nPOKOJA TOUKOMN».
3. HMetores BEKTOPHI @y, @y, ..., @,. OTJI0KHM HX NOCAEAOBATENBHO TaK,
4TOGB! HAYAIO BEKTOPA @, COBNANO C KOHLOM BEKTOPA @y, HAYAJO BEKTOPa
@y COBIAIO C KOHLIOM BEKTOPA 4, ..., HAYa10 BEKTOPA @, COBNA/O0 C KOHLOM

BeKTOpa a,—;. [lnia Toro, 4toGel nonyueHHas JomaHas Oblia 3aMKHYTa,
HEeOGXOAHMO H /IOCTATONHO, YTOGH! BBINO/IHAJNOCH BEKTOPHO® PaBEHCTBO

a,+a,+a,+ -+ +a, =0 2.3

®opmyay (2.3) Ha3BIBAIOT «3aMKHYTEIM KOHTYPOM».
4. /lBa HeHyJIeBBIX BEKTOpa HA3bIBAIOTCH KOJJIHHEAPHBIMH, €CJH HX
HaNpaB/eHHs COBMNANAIOT HJH MPOTHBOMOJIOXKHbI.

Ecnu cpean nByx BeKTOpOB HMeeTcsi XOTSi Obl OAHH HYJIEBOH BEKTOp,
TO TaKHe BEKTOPhl TaKxe OyleM CYHTAaTh KOJJIHHEAPHBIMH.

Teopema (nMpH3HAK KO/NIHHEApHOCTH). Heo6xoauMbIM H JOCTaTOYHBIM

YCAOBHEM KOJVIHHEAPHOCTH HEHYJIeBOro BEKTOPA @ H BeKTopa b aBnsercs
CyliecTBOBaHHe TAKOro 4Hc/jIa a, 4To

b =oa (2.4)
JlokasarteabcTso. Heo6xozumocts.

Iycts BekTOpH @ 1 b KoauKeapust V), npuuem a 54 0. Haiizem taksxke
YHCJO ¢, YTO BBIMNOJHAETCHA PaBEHCTBO

b =aa (1

') Ecan Bektopw @ W b comanpasiens, 970 0603nanaercs Kak a1t b. Ecam
BEKTOPH @ H b HPOTHBOMOJIOMKHO HanpasJeHsl, 9To olosuauaercs a {f b,



Jlns STOr0 PaccMOTPHM COOTHOLIEHHe
|b]:|al=F
Orciona |b| = k|al.
Ecau b #4 @, To pasenctBo (1) Bhmonnserca npu o = k. B cayude

b |} a nyxHo saste @ = — k. Eciu b0, oo 5 0.
A 5. lna cnoxeHnus ABYX HEKOIIHHe-
C 4PHBIX BEKTOPOB HCHOJIb3YETCH PABHIIO
napaJnenorpamma (puc. 2.1).

XA +XB =XC (2.5)

6. Tpu HeHyJIeBHIX BEKTOpa Ha3hblBa-
IOTCA KOMIVIAaHAPHBIMH, CJH .1yuM, 3a-
JaoliHe HX HanpaBJeHHs, JexaT Ha
NpAMEIX, MNapajielbHBIX  HEKOTOpPOH
IJIOCKOCTH. -

7. Teopema. Ecau Bektophl a u b He-

Puc. 2.1 KOJIIHHEeapHbI, TO JI0GOH BEKTOP €, KOM-
niaHapebifl ¢ BEKTOpPaMH @ M b, MOXHO NpEACTABHTb ENHHCTBEHHBIM
ofpa3oM B BHJE

t =1

X —p

¢ =aa+pb (2.6)
AOKA3ATENLCTBO

[TycTb BeKTOpH @, b, ¢ KOMNJaHapHB, TPHYEM BEKTOPH a H b He-
KoJuHeapHsl. Hafinem uncaa o u B, yaoenerBopsioilie paseHctsy (2.6).
[Tocrpoum napaanesorpamm XACB, B koropom XA = aa, XB = fb
(puc. 2.2). Tlo npasuay napajesorpamma (2.5) XC = XA + XB, nau

XC =aa + pb, wnc = aa + pb.
8. Ec;m HaHBl HEKOJHHEeapHbe BEKTOPHI aub, T npejcTaBleHue
BEKTOpa ¢, KOMILIaHAaPHOrO ¢ a H b, B BHJE CYMMBI xa + yb nasbiBaercs

pasjoXKeHHeM BEKTOpa ¢ 110 BeKTopam a u b.
9. Jlnisi npOMSBOJNBHOMA TOUKH X npocrpaucma H IJIs1 HeKOTOpOro AeiicT-
BHTEJIbHOIO YHCJIA K PaBEHCTBO

XC =xXA+ (1 —x) XB (2.7)
AABJIAIETCA HEOOXOAMMBIM H JOCTATOYHBIM YCJIOBHEM MPHHALNEKHOCTH TOUEK
A, B u C (A s~ B) onuoii npsmoii, mpuuem BC = kBA. (2.7a)

Coornowenne (2.7) MOXKHO 3anucaTh Tak: Touka C npHHAAIEKHT Nps-
mo#i AB Toraa u To/bKO TOra, Korja

XC =aXA +bXB (2.8)
ca+b=1
(a, b — peficTBuTeNbHbIE uKCad, X — NPOH3BOJAbHAS TOYKA IPOCTPAHCTBA).

-

AOKA3ATENLCTBO

Jocrarounocts. [TycTh Bunoansiercs paseHcTso (2.7)
Torga

XC —XB =« (XA —XB)

Orciona BC = xBA, suaunr, BEKTOPHI BCu BA KOJJIHHeapHbl, a Tou-
ku A, B, C npHHajaexatT OAHOM npAMOi.

Heoﬁxo,auuoc*rh TMockoasKy Toukn A, B, C npuHamiexar oHoOil nps.
MOH, T0 BekTopht BCH BA Kon/MHeapHbl, HJH BC = xBA. Orciona
XC — XB =k (XA — XB), nm XC = kX4 + (1 — x) XB.

10. Zlna npou3BO/IbHOH TOUKH TNpPOCT-
paucrea X H A9 HEKOTOPEIX AeHCTBHTENb-
HBIX 4HCeJa K H | paBeHCTBO

XD =kXA+IXB+ (1—x—0)XC
(2.9)
€CTb HeoOXOIHUMBIM M JOCTATOYHBIM YCJIO-
BHEM NpHHamaexHocTH touek A, B, C u D
oauoit maockoctH, Coornowenne (2.9)
MOMKHO 3amHCcaThb HHaye:
XD =a, - XA +a, - XB +0a,XC (2.10) Pur 2.2
o +aytay=1,

rae o, O, Oy — AeACTBHTe/IbLHblE 4YHcsAa, X — NPOH3BOJBHAH TOYKA
NPOCTPAHCTBA.

Hoxa3sareaserBo. HeoGxoaumocts. O6Gosnaunm XA =a, XB = b,
XC = ¢, XD = d. Hocuo.nhxy Toukn A, B, Cu D NpHHAVIEXKAT OLHOI
N/I0CKOCTH, TO BEKTOPhI d —¢,a — ¢, b — ¢ KoMnaHapHBl, T. e. d—c=

=k(a——c}+l(b—c), Hnnd—ka+lb+(1_k——l) c
Takusm o6pasom,

XD = kXA +IXB + (1 —k —I) XC.
ﬂOCTaT‘O'lHDCTb JOKaHHTe CAMOCTOATENIBHO.,

11. Ecau Touka C nenut orpesok AB B orhomenun AC : BC =m : n

(m, n — nefictBHTeNbHBIE YHCTa, X — NPOH3BOJbHAS TOYKA NMPOCTPAHCT-
Ba), TO

Evral n m
XC =t T X . (2.11)

Ias nokasatenbctBa 5Tofi (opMy/ibi B cooTHOmEHHAX (2.7) u
(2.7a) nonoxaM K = m_’;_n . Moaysum: AC:BC=m:n u XC=

n T m  wR




Hpyrne cnocobul noKkasareascrsa stofi dopmyast cm. crp. 115. Ecan
C — cepenuna orpeska AB, 1o

XC = — (XA + XB) (2.12)

IlokasareabctBo ciaeayer H3 dopmyast (2.11), ecau m = n.
13. lokasaTe, 4TO 4151 IPOH3BOIBLHON TOYKH NPOCTPAHCTBA N 1 TOUKH
M nepeceuenns meanan TpeyroibiHka ABC (uentponaa TtpevroabHHKA

ABC) BHNOMHSETCS COOTHOIIEHHE
XM = — (XA +XB -- XC) (2.13)

JloxasatenbCTBO NPHBOAHTCS Ha cTp. 34.

3. CNOXEHME M BbIYUTAHME BEKTOPOB,
YMHOMEHME BEKTOPA HA YMCNO.
KONNMMHEAPHBIE U KOMMNIMAHAPHbIE BEKTOPDI.

3anava I.
Ecan A, B, C — npon3Bo/ibHbIE TOYKH, TO

| AB| —| BC||<| 4B + BC| <| AB| + BT

Jloka3sare.
AOKA3ATENLCTBO
Yunrsias opmyay (2.1) AaHnoe HepaBeHCTBO 3aNHULUEM B BHIE!
IAB|—|BC||<|AC|<|AB|+[BC|

[Toayunm BepHOe HepaBeHCTBO, TaK Kak jnHa ctopotibt AC Tpeyrodas-
unka ABC He GoJbliue cyMMbl JIHH ABYX APYTHX €ro CTOPOH H He MeHblie
HX pa3HocTH. PaBencTso Gy/leT B TOM H TOJIEKO B TOM CJ1y4ae, KOr/la BEKTO-
pui AB u BC KoJnHeapHHL. _
3anaua 2, (Ck. IV. 15.132). Jlausr yeThipe HEKOMIJIAHAPHBIX BEKTOpA

a, b, ¢, d. BeluHCAHTL CyMMY 9THX BEKTODOB, eCJIH
a+4+b+c=pd, b+c-+d=qa,
rjae p, § — AeHCTBHTe bHbIE YHCJA
PELLIEHME
a4+b+c—b—c—d=pd—qa,
a—d = pd —qa,
a(l+gq) +d(—1—p) =0 )
[MocKoMbKY BEKTOpH @ U d He ABISIOTCA HY/IeBLIMH, TO | ¢ =0 u /
—1 —p =0, sHaunt, p =¢=—lwa+b+c¢=—d, orkyraa +
+b+e+4d=0.
3amaua 3. (Ck. IV. 15.133).
Jlansl TPH HEKOMILTaHADHKIX BeKTOpa a, b, c. JIoKasaTh, UTO BeKTOpHI
a-tb, b+ ¢ ¢c—a KoMmIaHAPHMI.
AOKA3ATENLCTBO

Bocnoas3yeMcs yCJOBHEM KOMIJIAHAPHOCTH TpeX BeKTopos (hopmyaa
(2.6)):

a+b=a(d+c)+pE—a). (1)
. 9



JlokamxeM, 4TO MOXKHO HafiTH TakHe & W 8, UTO BRIMOJHSAETCS COOTHOIIE-
e (1):
Hmeem

aB+1)+b(l—a)—cla+p) =0 ‘
CymMa Tpex HeKOMIJIAHAPHBIX BEKTOPOB PaBHA HYJb — BEKTOPY, €CJIH
aB+1) =0, b(l—a) =0,
c(a+p) =0, uveewm

B+1=0
l—a=0
a'+ﬂ"—"0o

OTKyaa o« = 1,

p = —1, a 9T0 noKa3mBaer yTBepkjEHHE 33JauH.
3anaua 4. -

JlaHbl TPH HEHyJeBHIX BeKTOpa a, b, ¢, Kaxibie 1Ba H3 KOTOPHIX

HeKo/lIHHeapHel. Halitw ux cymmy, ecan Bektop a + b KoannHeapeH
BEKTOPY €, a BEKTOp b + ¢ KOJJIHHeapeH BEKTOpY a.

PELUEHME
YuuThiBan yCJAOBHE H cooTHOIeHHe (2.4), HMeem
a + b= o:E, HJH

a+b+e=(@+1)e

AHaJornuso '
b+c= fiE. HJH
at+b+c=@B+1)a
HUraxk, (@ + 1) e = B+1) a

“_ TIOCKOJbKY BEKTODEI @ H ¢ HEKOJIHHEAPHR!, TOC/e/Hee PABEHCTEO BO3-
Mo,ec:mrx = f§ = —1.Ilpustoma + b + ¢ = 0.

3apava 5. (Ck. IV. 15.134). o _

Janst TpH HEKOMN/IaHAPHBIX BEKTOpa a, b u ¢. BbUHCAHTL 3HaYe-
HHe k, eCNH Bektopul @ - b - ke, b + ¢+ ka, ¢
HapHb.

4 B
+ + a + kb xommnaa-

PELUEHME
3anuwey ycJoBHe KOMNJaHAaPHOCTH BEKTOPOB a + b + ke, b + c+
+ ka, ¢ +a-+ kb:
| @45+ ke + (B¢ -+ ka) +B @+ a-+ kb) =0,
HIH

| (1 + ko +B)a+ (1 +a+pk)b+(@+p+HET=D,
10

YTO BO3MOMHO NpPH

1+ ko -p=0 (1)
l4a+pk=0 (2
a+p+k=0 (3)
Choxus (1) 1 (2) v moacTaBHB (3), MOJYUYHM:
kE+k—2=0
ky=1, ky=—2
3anaua 6.
Bekropl @ H b nekoaiuHeaphsl. Haiitn sna- Puc. 3.1
ueHHA o W [}, €CJH H3BECTHO, YTO BEKTODPBI
c=ca+fbud=@+)a+@—a)b
paBHbl.

M3 pasencTBa BEKTOPOB C H d cnenyer, uto
oa+pb=@F+1)a+ (2—o)b, nm
B+1—a)a+(Q2—a—pb=0.
TM0CKOALKY BEKTOPH! @ H b HEKONMHHEAPHH, TO CHPABE/IHBb ypaBHe-
HHA:
p4+1—a=0

2—a—pf =0, oTKyAa
3 1

= o = T ’ ﬁ = T .

3anaya 7. (Ck. V. 17.050) o L ~

B tpeyronsuuke ABC nano: AB=a, AC =0, |a|=|b| =2,
2 BAC = 60° BoipasuTb 4epe3 @ W b eAHHHYHBIA BEKTOp, HampasJe-
HHbIl MO BHICOTE TPEYro/bHHKa, NPOBENEHHOR WS BeplHHH A.

PELUEHME

OG6o3HaunM e — eMHHYHBI BeKTop, HanpasJeHHHA mo Bhicore AH,
(puc. 3.1). IMockonbky 2 AH; = a + b, 10

;lAH1| = ate -

2

— aV3 - _a+b
.Ho |AH1.|== g+ SHAWMT e=—rr%
3anaua 8. (Cx. IV. 15.135)

Maubi TpH HEKOMIJAHAPHLIX BEKTOPa @, b u C. BuunCIuTL SHa-
9eHHA P K ¢, NPH KOTOPHIX BeKTOpH pa -+ qb +¢, a + pb + gc Konr-
JMHHeapHAI. ) :

11



3anuilem ycJoBHE KOMJIHHEAPHOCTH BEKTOPOR pa -I—qb—]—c a+
+ pb + qge:

a+ pb + gc = a (pa + gb -+ ¢), na
(@p —1)a+(ag— p)b + (x —g)c =0, 0TKyAa
ap =]
ag=np
o =¢g, nMmeeM
p=q=1
3ana4a 9. (Ck. IV. 15.136).
HJanb_Tpi _HEKOMNJaHapHLIX BeKTOpa a, b uc. Jokaszath, uT0
BekTOpht a +2b—¢, 3a — b +¢, —a+ 5b — 3¢ KomnAaHapn.
AOKA3ATENLCTBO

CornacHo KpHTePHIO KOMIVIaHAPHOCTH TPeX BEKTOPOB, JOCTATOYHO Haii-
TH TPH uHCIa &, B H Y, YAOBJAETBOPSAIOUIHX YCJAOBHAM

a(@+2—c)+pBa—b+c)+y(—a+566—30)=0 (l)
at 4 92 >0 (@

YcaoBue (2) 3KBHBAJEHTHO TOMY, UTO M0 KpailHed Mepe OmHO HHCJAO
a, p uan y He paBHO HYIIO.

[IpeoGpasyem Bbipaxenne (1) K BHAY
(@+3p—y)a+(2e—PB+59)b+(—a+p—3y)c=0

Tax KakK a, b, ¢ HeKOMNIaHAPHH, TO

o+3f—y=0

20 —f+5y=0

—a+p—3y=0
Onnum u3 Heuyneamx peluennii CHCTeMb! GYA€T TPOiKa gHces

a=—2, fi=1, y=1L

A 8TO BHAYHT, 4YTO YTBEpHI€HHe 3a1a4ul JOKa3aHo.
3ameTHM, uTo

(8a—b+c)+ (—a+5b —3c) =2(a -+ 2b—0),

YTO TaKkKe JoKashiBaeT yTBepiaeHHe 3ajzaun. (Ml BOCNOIb3OBATHCH
KOHKPETHEIM VCJIOBHEM 3aJla4H.)
3anaua 10. -

ABCDEF — EEBHJ‘I_I:EI_H]’[ _LLIECTHYTOMbHHK. ﬂo&gaﬂ., uTOo
AB + AC 4+ AD + AE + AF = 3AD

12

AOKA3ATENBCTEO
3amernm, at0_AE = BD, AF =CD (puc. 3.2).

l

[TosTomy AB 4 AC L AD 4 AE + AF =3AD
3apaua Il (Ck. V.17.033).

[lycth 0 — TOYKA MEpeceuennst MeiHaH TPeyro/bHHKa ABC u A0 =
— a, AC = b. Paznoxurs AB u BC 1o BekTOpam a b.
PELLEHHE

Cnenaem mapaje/ibHbII MepeHoc BeKTOPOB AC u AB na sextop AO
(puc. 3.3). Toayaum napannenorpamm AFOE. Tockoabky O — Touxa

Puc.3.2 Puc 3.3

1
nepeceyeHHs MeJHaH TPeyroJabHHKa ABC, 10 AF = AC, AE = . B
" .

A
suaunt, AB = 3a — b.
Pa3sjiomum Tenepb nexmp BC no BekTopam a u b.
—2- BC = AC—T AO, HIAHR
BC =2 —3a
3anaua 12, (Ck. V. 17.034).
[TpH KaKHX 3HaYEHHSAX X BeKTOpH (¥* — 1) @ u 2xa conanpaseHkl, eci

“as=0.

13



o PEWEHUE
Ecnu BekTopsl iz 1 fla conanpasienb, TO 3HaKH « M B coBmanawort

lxs—l>0

2x>0 @[x>l
lxa— 1<0 x<< 0, Hrak,
2x<<0

X€(—00;0) U (1; + o)
3anaua 13. (Ck. V. 17.035)

Mpu Kakux m BekTopu (m* —m — 2) bu m®h npoOTHBONONONHO
sanpasiensl, ecau b == 0?
Pewenue: m:—m—2>0
{ mi*<0 - m<—1
m*—m—2<0 O<<m<?2
I m*>0
me(—oo; —1) U (0; 2)
3apaua 14. (Ckx. V. 17.036). L
[Tp# kakux 3HaueHHAX X BeKTophl (5 — X®) @ M @ COH anpaB/eHs! H
lx—5a|<|3al @0
PELLEHHE
5x—x*>0
| (x—58)a|<| 3a|
Ilockoauky pewielidem nepsoro Hepasenctea Gyaer npomexytok (0; 5),

a sroporo 12; 8], o x € [2; 5)
3aaaua 15. (Cx. V. 17.037)

[pn xakux snavewnsx y sextopst (3y* — lly + 6)pu (W +1)p
IPOTHBOMOJIONKHO HampaBjenb, ecin p =0
PELUEHME
3> — 11y +-6>0
ly‘ +1<0
3y*— 11y +6<0
{y” +1>0

3apaua 16. (Ck. V. 17.039)
I'[pH KAaKHX X BEpPHO Hepasencrao

|(x—2)a|>3|al, ecin a==0?
PELUEHME
| x— 2| >3, uan
x€(—o0 — 1)U (B +o0)

.ye(-};s)

3apaua 17. (Ck. V. 17.040)
Myete K u M — cepeanntr ctopon BC u CD napanaenorpaMma
ABCD w AK = a, AM = b. Bupasuts sexropsl BD u AD uepesa u b.

PELLUEHME
Iockonvky AK = AB + BK u AM = 2BK -+ -%-A_B(pl-lc. 3.4), 1o
= 2: 1=
BK =—3b——a
AB =—a——51b
MNostomy BD = — AB 4 2BK = 2(b —a)
AD=2BK =5 b——=a

Sanaua 18. (Ck. IV, 15.160) _

B oxpyxnoctn ¢ uentpoM O npoBeieHbl ABe MepleHaHKyaAsapHble Xop-
At AB u CD, nepecexaiouecs: 8 Touke M. Bripasuts Bextop OM uepes
0OA, 0B, OC u OD.

PELUEHHE

[NpoBeseM ABa AuaMeTpa OKPYMKHOCTH, COOTBETCTBEHHO MEPTIEHAHKY-
asipusle xopaam AB u CD (puc. 3.5). Touku mepeceyenuss AHAMETPOB H
xopa o6osnaunm K u N. '-Iempexyronbﬂﬂx OKMN— npumoyro.nbnax

nostomy OM = OK + ON. Ho OK = - (OA + OB), 5N = (OC+
+ OD) MO3TOMY

0M=—(0 + 0B +0C - 0D)

3apaua 19. (Ck. V. 17.041)
B napannenorpaume ABCD (puc. 3.6) nano: M ¢ BCu BM : MC =
=b

HO
:2, NEDC;DN: NC =1:2, AM = a, AN . Buipasuts Bex-

TOphl AB, AD, MN u BD uepesa ub.
PELLIEHME
AM =AB +BM = AB + 5

AN = 2D +DN = BC + 4B,

oreia
BC=AD = 4 b—

AB =

a

of

I

= _ 3

UI @«
=
)
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BD=—AB +B

=l

3

e
[— 2 —
MN =—-BC —

3anaua 20. (Ck. V. 17.113)

Jau npasuabhbiii_nathyronbiuk ABCDE. Pasnoxuts BeKTOpH AB
u AE no sexropam AC u AD.

AB =bh—

ulw OI

3—.
=g
a

Sicko, uto AB = AC + CB (puc. 3.7). Tak Kak NATHYrOJGHHK Npa-
sunbHbl, T0 BC || AD, 3nauur

|BC| =x|AD)| (h
u AB = AC —xAD (2)

[lycte a—anMHa CTOPOHBI naTuyrodbuuka. Toraa AD = .

= 2acos 36° = i‘-—V:L” Cnpoektupyem sepwnny B Ha AD. Tor-

fa AD = BC + 2AF. YuutwiBasi paBedcTso (1), umeem
AD =xAD + 2AF
[Tockonbky AF = asin 18° = L‘f_—-l—]—. TO K= ]".52_ L.
Taxkum o6pa3oM, yYHTHIBaA COOTHOLUeHHE (2), umeeMm

=y

AHaJaorH4Ho,

AE =7AD + V5_c.

3anaua 21. (Ck. IV. 15.145)

Yepes cepeany M wmeauannl CC, tpeyronbauka ABC (puc. 3.8) npo-
senen:_i__npauai;AM. nepecexaiotiasn cropoiy BC B touke P. Jloka3arb,
yro |[CP |t |PB|=1:2

nomaumbcno
l'locxo.nbxy TOuKa P mpHHAAMEKHT oTpe3Ky BC, to
CP =aCB
C apyroii ctopous, CP = CA -I-ﬁm nostomy aCB = CA 4-
+pAM. Ho AM =CTM —CTA = CC,—CA = (CA +TB) —

. — =
—CA =TCB-——;'-CA.

(]

™y

Puc. 3.6

Pag. 3.8

Puc 3.5




Orciona

at‘_ﬂ'='6_‘z+ﬂ(% B—%ﬁ)
(a—t8)TB = (1— L)

Tak kak sextopni CA u CB HEKOJIJIHHEapHk!, TO PABEHCTBO BHNOJHS-
eTCH, ecJH

a_TB;_—O .H
l—%ﬂ=0, orxynaa:%; [5:%,&:_; .
Takum o6pasom, CP =+%-'—B, u
|CP|:|PB|=1:2

3anau4a 22. (Ck. V. 17.063)

B tpeyronbunke ABC touka N (puc. 3.9) siexur Ha cropone AB H
AN = 3NB; mennana AM nepecekaerca ¢ CN B touke O. Haiitu AB, ec-
amAM = CN = Temu » NOM = 60°.

PELUEHME

BextopupiM cnocofom, mpeiaoxeHHbIM B NpejblAylieHd 3ajnave, Ha-
fizem otHowenune NO 1 CO.

NO:C0=3:4.

Cunenosarensho, NO = 3. AnaJo-
rHUHO Halijem otHomehne MO : OA
H nokawmxeMm, uto 0A = 6. Torza n3
Tpeyroabiuka OAN caeaver, uto
AN =3V7 u AB = 4V7.

3anaya 23. (Ck. IV. 15.186)

Jlokasathb, uTo GHCCEKTPHCHI ,unyx
NJOCKHX YIJIOB TPeXTpaHHOro yraa
H GHCCEKTPHCA yTJid, CMEAHOI0 C Tpe-
ThHM IVIOCKHM YTJIOM, JI€XaT B OJHOMN
IIOCKOCTH.

Puc. 3.0 . BOKA3ATENBLCTBO

Or BepluHHbI JAHHOTO yr.1a OTJ0-
XKHM Ha pebpax eIHHHYHbLIE BEKTOPLI

Is 1, Iy (puc. 3.10), Paccuomnm rpans ASB, pe6pam KoTOpO# npunajzie-

/KAT eIHHHYHbIE BEKTOPH z'l H I, Torzna auaronans pomGa, NOCTPOEHHOTO HA
STHX BEKTOpaX, GYNeT NpHHajJeXaTb OuccekTpuce yria ASB. 3uauwr,

EekTop /, -+ I onpefeaser HampaBjeHHe GHCCEKTPHCHI. Ananoruuso,
18 : '

BEKTOPH T +Lu 73 —-12 onpene.nﬁro*r HanpaBJIeHHe Jpyrof GUCCeKTpHCh
" ﬁnccempﬂcu yriia, CMeXHOro C TPETbHM IIOCKHM YTVIOM.
Tockoabky Ty—1y +1; + 1 =1,+1, t0 Bexkroput lg—I,, I, +

+1, ul, +£,—Komnnauapuu, YTO JAOKa3biBACT YTBEPHIEHHE 3alauH.
Sana-{a 24,
[Troutanu t:empexyronbunxoa ABCD w A,B,C,D, paBun S u
Sl COOTBETCTBEHHO. Jloxaaa'rh 4yTO edIH BHyTpH qe’rupexym.rzbuuxa

ABCD cyuiectByer TaKkasi ToOuKa X, nns koropoit XA = A,B;, XB =
= B Cl (‘(C C_ID]_, XD .D AI, TO S — 231,

BOKA3ATENLCTBO
Moctpoum mapaanenorpammst XAMB u A;B,C;N Ha sekropax XA

u XB u A,B,, B,C; (puc. 3.11). YuuthiBasn yc/l0BuSA, yTBepxKaeM, 4YTO
BTH NApATEOrPAMMEL PaBHbI, MOITOMY

Saxs = Sa,b,c, -

AHan0rHYHO
Ssxc = Se,c,n,, Scxo = Sc.p,a
Spxa = Sp,a,,, OTKyZa
B
D !
A A
e
M
/ L
7l
B v
C -D" ”
Puc.3 11

S = Saxs + Ssxc + Scxp + Soxa = (Sa,8,¢, + Sa.n.c,) + (Ss.cp, +
-+ S5,4,0,) = 2S,, 4T0 U Tpe6oBajoch NOKasaTh.

3anaua 25. (Ck. IV. 15.247)

[auer asa tpeyroabinka ABC u A B,C,, He Jexauine B ofHOA mio-
ckoet; M u N — cepeauHsl CTOPOH AC w BC, a M, u N, — cepeauiisi
cropor A,C, u B,C,. [lokasath, uto eciau A-'E = A,B;, TO BeKTOpHI

MM,, NN, u CC, xoMniaHapHbI.

nogpnsnbcmo
MM, T AB + NN, — TA B, (puc. 3.12). IlockoabKy mno ycio-
BHIO __——_-_A B,, To MM, = NN, a sto aHnauur, 4T0 BEKTOPS! MM,,

NN, u CC, xomnaaHapHm. .
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3anaua 26. (Ck. V. 17.129)
Ilau natuyronbuuk ABCDE. Touku M, N, P u Q — cepeanubi ero
cropou AB, BC, CD, DE. loka3atb, uro ecau U u V — cepeanunt MP n

ﬁ'g. T?} ?jex'rop UV koanuneapen Bektopy AE. Brumcants oTHouwenwe

AOKA3ATENLCTBO

Hoc;(onbxy MU+UV+VQ—MQ =0 (puc. 3.13), to UV =
:mw%ﬂ?+MQ~%-Q=—74MP—Mw+Nm.

Kyna MP+NQ —I
Mosromy UV = =5 (PN
+QD +DP - PN +NB -+ BM =0

MQ + PN =

“’I
<
_.}-
-
A
S
i
T
o
Il
<
4+

3apaua 27. (Ck. IV. 15.249)
Janw nsa tpeyroabhuka A,A A3 v AAsA,, He Jexaimye B onrof
' naockoctr. Jlokasats, uto Bektopel MN, PQ n RS KoMniaHapHbl, €ClIH

M, N, P, Q, R u S aBISIOTCA COOTBETCTBEHHO CEpPeAMHAMH OTDE3KOB
A1A3| AGABI A:Aa» AGAM ASAM ABAI'

AOKA3ATENLCTBO
O6o3naunm (puc. 3.14) 4,4, —a, A,A, =k, AA, =El, A A, =d,
—_— _ ! _ ——
d F A! =

1A"=' br AA‘—E TOI‘D.a MN:TE+E+E——§- =
= |

HefcrButensio, PQ — MN =

) m;;- @+d—c—Fk)
1

Te§=—35 E+a+—5b
RS = — — l - A RS0 —- € SHauHT RS = — (E—-E—'&—}-ﬁ):-
.= PQ— N. 4TO JOKa3biBaeT yTBePKAeHHe 3a/lauH.
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3anaya 28.

Han napanaenorpamm ABCD. Ilpsmas [ nepecekaer npsmble A5,
AC w_AD coorsercteenno B Ttoukax B,, C, u_D,. [lokasarb, uto
ecan AB, = a,AB, AD, = a, - AD, AC, = a;AC, 10

l | l

g oy Ty

AOKA3ATENLCTBO

IMyers AB =u, AD =b w AC=a -+ b (puc. 3.15). Toraa AB, =
= a,a, AD, = ayb, AC, =a,(a+ b)

Tak Kak Tpu Touku B,, C,, D, Jexar Ha OMHOH npamoii, TO
B,C, =kBD, (l). Ho B,C,=AC, —AB, = (ay—2%,)a +a,b,

A
M A M B
C B N N
. A
{
/ E
D
)
G My By D
Puc. 3.42 Puc 3.13

B,D, = AD, —AB, = —a,a +a,b. Moxcrasus stu BHDaXEHHs B
coorHowenne (1), moayuum
(g — ) @ + b = kagh — ka,a.
Ha ocHoBaHHH eIHHCTBEHHOCTH Pa3/IOKEHHA BEKTOPA 110 ABYM HeKoJ-
NHHeapHBIM BEKTOPAM a H b NOJYYHM CHCTEMY
Uy — Gy = — Rat,
oy = Rty
Hckmouns kosdpuiuent k, Hafiiem COOTHOLIEHHE MEXKAY O, Oy ¥ Oyl
@0y - Gy = 0,0y
PaspennB nocesiee paBeHCTBO NOUNEHHO HA @, 0l 0g, HMEEM



Puc.3 4 Puc. 3.15

3apaua 29.
Ha croponax tpeyrosibHika ABC BHe €ro MOCTPOEHBI PaBHOCTO-
poHHHe. TPEYrONLHHKH ABC,, BCA, CAB,. Joxasatb, uTo

AA, + BB, +CC, =0

AOKA3ATENLCTBO

[Tockoabky  (puc. 3.16) AA, =CA, —@ ﬁi_nﬁliﬂ -

&C, = BC, —BC, 10 AA, + BB+ CC, = (CA, + 4B, + BC) —
A —(CA -|-AB+BC)

Bekropst CA,, AB, n

By ¢, BC, moryr Gurb nonysenst

COOTBETCTBEHHO MOBOPOTOM

wa 60° Bektopos CB, AC

u BA. Tlpu stom nosopote

cymMa BekTopos CB -+ AC +

B +BA nepeifier B cymMMy
C sekropoB CA, + AB, 4 BC,
: HoCB+ AC + I BA -_ﬁ:: no-
stomy CA, + AB, + BC,=

= ().
Ay 3ajaua 30. (reopema
Puc 3.6 Menenas).

Han Ttpeyronbauk ABC u
npamas a, nepecekaiowas npsimyio A B 8 Touke M, npamyio BC B Touke N

A P
u npamyto AC B Touke P. [Tycts Kpome TOro ——— MA; =a, f;g B, gA =7

Joxasarts, uro o - f - y = 1,

22

" HROKA3ATENLCTBO
__l'[ocxb.rlbxy BEKTOpbI AM w MB KoaJuHeapHel (puc. 3.17), 70
AM = a,MB. Auanoruuio BN =p,NC, CP =7y, - PA, rie a,,f,.
¥; — HEKOTOphle YHCJA, MOAYJb KOTOpHX pasen a, B, y. Toraa MN —
= MB + BN = MB +§, - NC
Mockonsky AB -+ BC +CA =0, 10

AM - MB - BN - NC - CP + PA =0,

nau
(1+a,)m+(1+sl)ﬁ+u+m-ﬁ=”
OTKy/a - -
S S - By 7 - . il ./ B
PA L4y MB — L+, NC.
Haxkonen,
.y .y D 10 7 -
PM = PA + AM = MB
__|+ﬁ: A TR — . 1 4 oy MB 1+ By
=2 NC+a1fWB—(al T )Ma e NC

YuuTeiBasi KonIMHeapHOCTb BekTopoB MN u PM, nveem
kMB -+ K NC = (o — = | MB — 13- we:

I+ I4+v

R e ilc) S s ol .
k=a, = “_i_?l)ﬂl.o'rl{ylla
o Py =—1, torma o -p-y=1

Bapaua 31. (Ck. V. 17.081)
HNanm 3 me HyneBHX BeKTopa @, b, 0, Kaxlble BA M3 KOTOPHIX
HeKosnreaprsl. Hafitu nx cymmy, ecan (a + b)|c u (b +¢)|a.

PELLEHME
Ilepswid cnoco6.
[Mo ycaoBHIO BEKTOPH ¢ Ha + b KoAMuHeapHs!, a noroMy
T=u (E + -E)
a=p(b+c)
BIpasuM BEKTOP C 9epe3 BEKTOp b:
Cc=aB(® +c)+ b), um

(1—ap)c = (p+ 1)b,
(1 —ap) c—a+ 1)b =0.

Anajsoruuso
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[MockoABKY BeKTOPHI b H ¢ HEKOMTHHEPHH, TO

Il——aﬁ:-o
off 4o =0, sHaYHT x =P = —1 n
a+b+c=0.

Bmopod cnocot
[Myers. BEKTOPH G au b uMeioT o6iyio Touky O (puc. 3.18). [NockoabKy
BekTopsbl b + a 1t OC = ¢ KO/LTHHeapH.I, a A CyMMa BEKTOPOB a H b — ectb
AHaroHa/ib napaJjieljiorpaMma, To BeKTOpPbI ﬂ, b H € JIexaT B OAHOMA MJ0CKOC-

Puc. 3.47 ‘ Puce. 3 4

14 u npamas OC penur otpesok AB nononam. Ananoriuno npsimas OA ne-
auT oTpesok BC monosiam, c/1e/10BaTe/IbHO, TOYKa O — LEHTPOMA TPeyrosb-
uuka ABC, B KoTopoM OTPe3KH MeJHaH OT BepIIHH A0 TOUKH MepeceyeHHs
COBMAJAIOT C BeKTOpaMu a, b u ¢, ciejoBaTesIbHO,

at+b+c=0
3apaua 32.
Pewuth cHCTeMy ypaBHeHH
{EE =
;E= f,.

rae fy W t, — jAeACTBHTEAbHBIE uHCAA, @, b — RawHble HeKo/HHeap-
U@ W HeHYJIEBHIE BEKTOPSI. -

PELLUEHHE

BeKTOPM a 1 b HeKO/IHHeapHBI, MO3TOMY X = ka + pb. U3 aanuoii cu-
CTeMBl moJy4yaeMm '

(ka 4 pb) a =t
l(k3+p5') b =1, nanee
klal*+pla-b] =t
k(E'E)+P|.Blg=‘s-
24

L\b)2 =1t (a-b)
laf®-|b]*— (a- b)?
flaPP—t(a-b)

@131~ (a- b)*

- _4L1bP—f(a-b) =, HlaP—4(@-b) 3
BT L A Py - (ab)? ’
3apaua 33. (Ck. V. 17.123)
Ian tpeyroasuiix ABC. (puc. 3.19). [Npamas [ TepeceKaeT npaMue
BC, CA, AB 8 toukax A,, B, C,. [lokasats , uto ektopet AB -+ A.B,
BC + B,C,, CA + C,A, xonnuneapusi.

oTkyaa k =

p=

AOKA3ATENLCTBO
Mo yenosmo C,B = kAB
54, = oBC
B,C — BCA

Torsia C,A, = kAB +a - BC, B,C, = (1 — k) AB + (1+p)CA
A,B, = (1 —a) BC —pCA. CaeasosarebHo,
AB + A,B, = — (1 + p) CA — «BC;
BC +B,C, = (p + k) CA + kBC,
CA+4-C,A, = (1 —K)CA -+ (@— k) BC

HOA—F_—i— AF,_—% E‘_E—]- E+C7+(E = 0 u BexTOphi AB -+
+ A,B,; BC + B,C,, CA + C,A, pasaaraiotcsi Ha BEKTOpHl, OTAHYa-
fonHecss KoapuuHenTamy. 3HAYHT, HX CYMMa €CTb HYJb-BEKTOP, B TOM
cayuae, KOTJia OHH KOJTHHEAPHbI.

3anaua 34.

Jloka3ath, 4To GHCCEKTPHCHI BHYTPEHHHX VIVIOB TPeyrojbHHKa mnepe-
CceKaloTcs B OJIHOH TOUKe,

AOKA3ATENLCTBO

O6osnauum A_B_= ¢, BC =a, CA = b (puc. 3.20) Onpeneanm Bex-
topst AL,, BL,, CL,, KOTOpHIe PHHAAIEXKAT GuecekTpucam Ia, Iy, I, 1 32-
methM, uto / A = (—b, c) ZB= (—-r: a), »2C= (—a b). Umeem:

— bc — cb BT _ ca—ac _ ab—ba
ALi =~z 1 BL’_‘}'W' CLs atb

O6o3naunm / — Touky nepecevenns 6uccextpuc AL, u BL, v nokaxem,
YTO 3Ta TOYKA NMPHHAMIEXHT GHccekTpuce CLy. Jlas STOrO JOKakeM, uTO
Bektop CI Kosiuneapen Bekropy CL,. Urtak,

CI =CA+ Al
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bd-c '
Iztz‘B__’= c:I:C t'|
Al = AB-+ BI
bec —ch - ca — ac
b+c i =g a+tc by (1

MMockonsky a + b + ¢ = 0, 1
(1). Moayuum

o

¢ = —a — b. lloAcTaBum B paBencTBO

b(—a—b)—cb t = (—a—b) -+ c&—-a{-a-—s)'tz‘

b+c¢ a--¢
HJH
-' . bfl = Cfl bt \
a( b+c)—rb(_ b+c _b—l-tc}:
! cly al = al
a( I+ a--¢ i a-}-'c)—*_b(__]-{—-ﬁ"c_)
HITH

5(~—5b_:_—1C—J~511=3(_1_f_52)_}_3(H_ 14 a"Ec)_
* 3uauwr, :

bt
b-iic == g

al‘,

—tlh=—14
L T et

Pewns sty cucreMy, moayuum

_ b4 ___a+c¢
h=ariss B h= atbFc
Torna Al =t,AL, — -a—bf:%'—_—f_?’-;— u
—FAL T _ ab+bE+0)
Cl =CA+ 4l = e T

Ho, toraa
=5 _ ab—ba
Cr = afb+c

Bunum, uro CI || CL,, 1. €. Touka / npuHagnexur Guccektpuce CL,,

3anaua 35.

* Jokasate, uT0 GHCCEKTPHCA BHYTPEHHErO YIa TPeYTONbHHKA JEJHT

NIPOTHBOIOJIOXKHYIO CTOPOHY HA OTPe3KH, NMPONOPLHOHA/IbHbIE IIPHJAeHKA-
IIHM CTOPOHAM TPeyro/ibHHKa,
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B A
Cy
A
A c Bre T L
%,
Puc 3.1Q Puc 320
' AOKA3ATENLCTBO

O6osnaunm BA = a, BC = b (puc. 3.21), Bexrtop

= H —— —

5
la| )

KoJiHHeapeH GucceKTpuce yraa

eflunuuneie. BekTop IEI - i
a

ABC (taKk KaK, €c/1¥ NOCTPOHTb Ha BeKTopax H —b—-. KBK Ha

-

la| 1B
CcTOpoHax, napajjejorpaMmM, TO OH ﬁy,lleT pomGoM, & ero AMArcHaib
GyJieT NpHHaLIeRaTh OHCCeKTPHCe yria 8
BC). )
WTaK, NMOCKOMBKY BEKTOPH! I%l +
+; u BD KonauHEapHH, TO
] A r
— a , b .
BD = x = —_—.
(l.al * m)
Torna Puc'.-’-”
= = z B\ A= %
-=AB +BD =— =) =(—= —1)a+—=1,
& + a+x(lal 151 ) (I ‘) 1B
BB BD s b st ol G NG
C=Bt—8 x(lal TR ) ks 5]

OGosnaunm AD : DC= . [ockoabKy sextopel AD u DC conanpas-
aennl, 10 AD = aDC. INoxcrasue Bvecto AD u DC nx 3nauenus, noay-

T

o &5 = i RS
2 Y v ] — ——| b
15l |al a+a( 16|

a7



HIR
x [+ 5 4 Ed x ox —_ —
= - ——-I)ﬂ+( = —-..——a.)b-:O
(5r+75 50 T
3HAUYHT,
x+_a.x 1 =0
[af
, OTCloga
x4 ox -
15
= _ lay AD _ 4B
@[] =]a|, @=q3, T & pr=—g

4. METOA «MPOKONA»

C momourbio HekoTopoit Touku X i dopmya (2.1) u (2.2) BeAKui BEKTOp

MOKHO BbIPA3HTb B BHAE CYMMbI H/IH Pa3HOCTH JIBYX BEKTOpPOB:
AB = AX 4+ XB
AB =XB—

BuiGop ToukH X AJs «npOKOVIA» AHKTYETCS YCJIOBHEM 3aJaud M 4acTo
3aBHCHT OT ONBITA H HHTYHUHH pemaioumtero. Touky X HHOrga HashbiBa-
10T «IOJIIOCOMY. '

3apaua 1.

ﬂ,OKa3aTh, YTO CpeliHdad JIHHHA TpaneuHH napannejbHa OCHOBaHHAM

Ii paBHa MNNONIYCYMME HX JJIHH.

LOOKA3ATENLCTBO
B rpaneunu ABCD (puc. 4.1) Mu N — cepenun Topoi AB n DC.
Tlycts X — npoussoabnas touka. Torna MN = XN — XM, 2XN =

— l

=XD 4+ XC, 2- XM = XA + XB, 3uauur, MN -

- (XD
— XA —XB) = (XD — XA + XC — XB) = - (AD + BC), uro 10

Ka3biBaeT YTBEpKIeHHe 3a/a4u.
3anauva 2.
[Mycre A, B, C— npou3poibHble TOYKH mnpsmoi. K, L, M —
cepenuusl otpe3kos AB, AC, BC. [lokasats, uto KL = BM.

AOHASATENLCTBO
[Tycte X — npou3Bonbhas touka. Torzaa

I
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3anaua 3. _ o
B rtpaneunu ABCD (BC | AD) Bextop p = AC + BD koaanne-
apen pektopy AD. [lokasaTb.

OOKA3ATENBCTBO
«[Tpokonem» Bextrop AC Toukoft B, a sekrop BD Toukoit A (puc. 4.2):

AC = AB+ BC

BD = AD — AB
X .

B C
A = T
Pue. 4.4 Puc 42

[locKonbKy — BEKTOPbI B
p =AC+BD =AB +o - AD
KashiBaeT yTBepiKJeHHe 3a/layH.

3apaua 4.

K akoh Buj umeer yernipexyronbHuk ABCD, ecan

AB.-AD+BA-BC+CB.-CD +-DC-DA=0?

AD xonanneapusi, To BC = aAD ».
—AB=(a-+1)- AD, uyto no-

PELLEHME
AB-AD +BA -BC +CB-CD +DC-DA = TB@ -CB)+CD
—15+ ) - (AD + CB) (AB +CD), no AB+CD = AD + DB +

+BD=AD +CB, Tt e. wumeem (AD -CB): =0, orciola
}lT) - BC. 3naunt, ABCD — napannenorpam.
3apauva 5.

Touku M, 1 M, — cepeanntl oTpeskoB 4,5, u A,B, COOTBETCTBEHHO,
Joxaxure, 4To

+

MM, = % (A4, + mz}

AORA3A'IEIIBC'IBO
— (XA, + XB,) — _'[

L+
"%(ﬂ:"‘ﬂﬂ"' ] ()-(_ —B) (A st

UJI ><|

-=|

3anauya 6, (Ck.V, 17.084)

Iloka3satb, 4TO AJd Jio6biX YeThlpex paunbix Touek A, B, C u D umeer
MeCTO PaBeHCTBO

AB.CD+ AC-DB+AD - BC =0

ROKA3SATENLCTBO
AB(CA + AD) + AC (DA +AB}+ D (BA + AC) = AB
CA+AD-AB + AC . DA+ AC.AB+AD - BA+AD - AC =0
3apaua 7.
DABC — rerpasap. Jlokasate, 4to AD + BC = BD
ROKA3ATENLCTBO
AD + BC = -B_ﬁ +4AC _pasrosnaino AD — BD = AC — BC.
— = AB, AC — BC = AB. l'loa'rouy
AD BD = AC —BC, AB = AB.

C
o=
3

3anaua 8.

MMyctse M npuraaaexur orpesky AB u AM : MB = m 1 n. [lycrs -
X — npoussoabHas Toyka. [lokasaTh, uro

N a1 n
XM = m-4n

(4.1)

AOKA3ATENLCTBO
- - (AX + XB) =

- i XB= g XA+ = XB (puc. 4.3)

3apnava 9,

Ecau touku M u N npunapiexar orpeskam ABu CD u AM 1 MB =
=CN:ND =m:n, 10

N = AC

m+n (4.2)

AOKABATENLCTBO
[To dopmyne (4.1), (puc. 4.4)

MA + AC) =

m + n
Buipaenue B ckoGkax pasuo 0, 3HauuT, yTBEPXKACHHE 8a1a4H AOKA3AHO.
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__B |
# - 5

Puc 43 Puc. 4 4

3apmava 10. (Cx. V. 15.172)
Toukn A,, B,, C; — cepeaunnt cropon BC, CA n AB tpeyroabnuka
ABC. Yepes Touky M mposesenbt npamsie MA;, MB,, MC,. Jloka3sats,

4TO NpsAMbIE p, ¢, r, nposejenHble yepe3s A, B u C napanefibHO COOTBET-
cteenno MA,, MB,, MC,, nepecekaiorcsi B 0JiHO/i TOYKe.

AOKA3ATENLCTBO

O6o3naunM npaveie MB, = m, MA, = n, MC, = I.
Hoxkaxem, uto m || KB, K — Touka nepeceueHuss NpAMEIX p 1 7.
KB = MB— MK

Ho MK = MC + CK = MC + aMC, = MC + - MA + % MB

C apyrofi CTOPOHHI,

e e

wan BK = 2MB,, a 910 3Hauut, 4r0 npsmsie BK u MB, — napaiaens-
a2

Puc 4.5
HHl, T. €. MPsAMan ¢ MPOXOJHT Yepe3 TOUKY INepecedeHHs NPAMEIX 7 W p
(rouky K). ;
3anava 11.

Jlanst n Touek Ay, A,, ..., A,. JlOK&XKHTE, 4TO CYHIECTBYET €AHHCTBEH-
Has Toyka X, uTO

XA, + XA, 4 -+ +XA,=0

AOKA3ATENLCTEO

EnuncTennocTb. [lonycTHM, uTo A8 ABYX ToueK X, W X, BHNOJHSA-
I0TCSl paBeHCTBa: :

XA + XA, + o + XA, =01 X4, 4+ X,4,+
| felis +Xs‘4n“_*6
[TouneHHO BbiYMTas, MOJYYHM,
XA, — XA, =X Xa

XA, — XA, = X,X,, ciefosaTesbHo,
nXX,=0n X, =X,
CymecrBoBange. BuiGepeM NpOH3BObHYI0 TOYKY O H TOJOMNHM
0X = L (0&; + -+ +04,)
Hmeem

XA, = X0 + 04, noayaum
v XA]. X g+ LA +XA,| _—'-0-
2 4-1188 33



3apava 12,
Ioxasatb, uto ecii M — Touka mepecedeHHsi MeJHAH TPeyrolbHUKa
ABC, X — npou3BoJbHAs TOYKA MPOCTPAHCTBA, TO

| ——— —
XM = — (XA + XB + XC)

AOKA3ATENLCTIBO

l'chrb My — cepenuna orpeska AB tpeyroabuuka ABC. [o cBoitctBy
MeanaH TpeyronbHika ABC:

=
g
:
Z
=
=X
I
=
=
I
>
=
I
>
=
l
3
O

3apaua 13.
B nnockoctu npamoyrosbhika ABCD p3sra Touka X. [lokasats, 910
XA XC = XB - XD.

AOKASATENLCTBO

BC+DA-XB+DA-BC=0
—XD-DA+DA.-XB+DA-BC- 0
DA(XB +BC—-XD)=0
DA(XB +AX)=0
DA . AB =0,

MOAYYHM OYEBHAHOE PABEHCTBO, a 3TO JOKa3bIBAeT y'raepmenue 3ajaun,
3apaya 14, (Ck. V. 17.115)

B ksajpar BmHCaHa OKPYXHOCTb, [loKasaTb, 4TO CyMMa KBaJpaToB

paccrosiiuii /1i000# TOYKH OKPYKHOCTH JO BepLIMH KBajpaTa He 3aBHCHT
ot BbIOOpA 9TOI TOYKH,
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AOKA3ATENLCTBO

Ilycrs O — uenrp kBaapara ABCD (puc. 4.7), a X — npousso/ibHas Toy-
Ka OKpY»KHOCTH.

Hmeem S
XB = 0B — 0X '
XC =0C — 0X
XD = 0D — 0X
XA =04 —0X

XB* + XC’- + XD* + XA? = 0B* 4 0C® + OD* + OA* + 40)(’ -
— 20X (OB + OC + OD + 0A) = 40B® + 40X® = 4 (aV_) + 4R?,
rae a — cTopoHa KBajpara, R — paanyc OKPYIKHOCTH, MOCKOMLKY R =
= 2 , TO HCKOMasi cymma paBHa 3a’.

3anaua 15. (Ck. V. 17.116)

OkoJsio KBazpaTa onvcaHa OKpYHocTb. JloKasath, 4To cymMMa KBaapa-
TOB PAacCTOfHHI TOYEK OKPYKHOCTH N0 BepIIHH KBajpara He 8dBHCHT
ot Beibopa 3THX ToveK. Hantn aty cymmy.

[OKA3ATENLCTBO Yy

[Tycre X — nponsBoAbHas TOYKA OKPYMKHOCTH, ONHCAaHHON 01(050
kBajpara ABCD (puc. 4.8). Toraa P

AC = XC—XA };
BD = XD —XB W
AC*= XC? + XA* —2XC - XA
Mockoasky / AXC = 90°, 10
ACt = XC* + XA?
Ananornuno, XB* + XD* = BD®. Hrak, ‘
XA? 4 XB* + XC* + XD* = AC® 4 BD? = 44},
rjie a — CTOpOHa KBajJpara. v
3anaua 16. (Ck. IV. 15.234)
Ian ky6 ABCD A,B\C,D,. llpsmasi [, npoXoasuias 4epes ULEHTP
KyGa, mepneHAuKyasipua miockoctH rpadefi ABCD u A,B,C\D; 'n ne-
pecekaeT WX COOTBeTcTBeHHO B Toukax M u M,. Touka P penut orpesok

MM, B otsowenuu k (MP = kPM,). Hafitu 3uauenue k, npu KoTopoM
BHITIOJIHAETCS PaBEHCTBO

PA, + PB, 4 PC, + PD;, +PM =10
AOKA3ATENLCTBO )
PA + PC = PB + PD = 2PM (puc. 4.9).
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8 l
0
A a - J)
Puc. 4.6 Pue 4.7
B G
M
‘j i \\ !
: N
v A0
\
'/ pl \
8 Seon e el =2
~ L AT
__.._.----";‘!| \\
A D
4
Puc 48 Puc. 4.9

3anumewm cymmy sektopos PA,, PB,, PC,, PD,, PM npumenss «po-
KOJI».

P4, + PB, + PC, + PD, + PM =
= AA, + PA + BB, + PB + CC, + PC + DD, + PD + PM =
. =44A, +4PM +PM = 4(k + 1) PM, —5kPM, =0
npu 4k + 4 =5k, k = 4.

5. METO/l «3AMKHYTOIO KOHTYPAn.

[Tycts AaHbl n BeKTOpPOB

ah a!n as' seey an
I1a Toro, uto6u JIoMaHasi, COCTABJIEHHAsI 3 3THX BEKTOpOB, Gbl1a 3aMK-
HyTa, Heo6XOJHMO M JOCTAaTOYHO, 4TOGBI CyMMa BCeX ITHX BEKTOPOB («3aMK-
HYTHIA KOHTYP») paBHAJIACH HY/IO!

a+a+ag+..+a, =0
3anaua 1.
JloKa3aTb, 4YTO MOKHO MOCTPOHTb TPEYroJbHHK, CTOPOHBI KOTOPOro
paBHbI MeJHAHAM JaHHOTO TPEyroJbHHKA.

AOKA3ATENLCTBO
[Myere My, My, My — cepeannni cropod BC, AC, AB TpeyroJbHHKa

IABC (puc. 5.1).

Hwmeem

CrioxnM paBeHCTBA MOYIEHHO, TOJYYHM
AM, + BM, + CM, = AB + BM, + BC + CM, +
+CA+AMy=AB+BC +CA+AB+ 5 BC++CA =

=3 (@AB+BC+CA) =5 .0=0

Wrak, AM, + BM, + CM; =0, a 910 3HAuHT, 9T0 yTBEpKACHHE 3a1aTH
AOKa3aHo. '

3anava 2. (Ck. IV. 15.137)

Haust a8a otpeska AB i CD. Touka M ¢ AB u Touka N € CD pensv
orpeskd AB u CD cOOTBETCTBEHHO Ha OTPe3KH, OTHOLIEHHE KOTOPHIX paB-

1o k. Buipasuts Bekrop MN uepes sextopu AC u BD.
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3ajaua Moxer OBITb peleHa ¢ nomouwsto hopmyan (2.11) u «npokosa»
BeKTopa. Pemium ee ¢ noMOIIBIO «3aMKHYTOTO KOHTYpa».
Paccmorpum uetsipexyroabHukd NMAC u NMBD (puc. 5.2)

MN = MA + AC -+ CN, takxe
MN = MB -- BD + DN.

[TosoxKHM k = —'E- Toraa

o 1
+—CN+—D
ITockoabky
a— AB S AB
| MA| = -2, |MB|= 10
|l ez, | == =
10 —MA+ —MB=0
AHaJIoruuHo,
I
YI n__ = m w5 1 == k=5
MN:m-{-n A +m+nB = 1+kAC+ 1+kBD‘

3apaua 3.

Ha croponax mnpoussosbHOro Tpeyroibiuka ABC BHe TpeyroJibHie
Ka TNocTpoeHbl IPOH3BOJIbHbIE rlapameuorgaumu: ABB,A,, BCC,B,,
CAALC,. llokasarb, 9to H3 0TpeskoB A;A,, B,B,, C,C, MOXKHO COCTaBHTb
TPeYroJbHHK.

AOKAZATENLCTBO

PaccmorpuM saMkHYTHI KouTYp A,B,B.C,Cy4, (pHc. 5.3)
Hmeem

A.B, + B,B, + B,C, + C,C; + C,As + AA, =0

Tak kak sektopst AB u A,B,, BC 1 B,C,, CA 1 C,A, nonapho papHbi
AB + BC + AC =0, 10

A

A
Ms
My 8
Pue. 5.1
B,
B
B 2

Puc5.5

Puc. 5.6

a9



BB, + C,C, +A;A, =0, a 570 BeKTOpHOE PABEHCTBO yCTAHABJIHBA-
€T, YT ecqH BeKTophl BB,, C,C,, A;A, HEKONIHHEAPHBI, TO H3 HHX MOXHO

COCTaBHTE TPEYroJibHHK, €CJ/IH Xe KOJJIHHEeApHLI, TPeyroJbHHK COCTaBHTb
HeJIb34 .,

3anaua 4.

Hana 3aMKHYTasa HeMJioCKasa JioMaHaa C LUeCTbl0 3BEHbAMH. Hogas

3aTh, YTO €C/IH NMPOTHBOJIEXKAIIHE SBEHbA JOMAHOI TMONAPHO NapasiefbHbl,
TO JVIHHBI HX NONAapHO PaBHBL.

PELUEHME
CoraiacHo YCJIOBHIO 3allaud HMeeM:
DE = kAB, EF = IBC, FA =mCD (puc. 5.4)
PaccMOTpHM ¢3aMKHYTHIli KOHTYpY.
AB+ BC +CD+DE+EF+FA=D
Orcionia nonyuaem:
AB + BC + CD + kAB + IBC + mCD = 0,
WIH
(¢ +1D)AB+(+1)BC+ (m+1)TD =0
Bekropu AB, BC, CD Hexomn/iasapusl (WHaye JaHHAS JOMaHas

Gbia Obl MJIOCKOM), C/Iel0BaTeNbHO, KOIDHHIHEHTH B PA3/IOKEHHH HYyJe-

BOro BeKTopa no sexktopam AB, BC, CD paBn nyJmo:
| AT N B
3apava 6. (Ck. IV. 15.39)
Hau npaBuibHblft n-yroabHuk A,4, ... A,, Touka O —ero uentp. Joka-
satb, wro OA, +0A, + ... + 04, =0
OOKA3ATENLCTEOD

1) Ecu n = 2k, To Beputuanl A; (i = 1, 2 ... k) 0 Ay, CHMMETPHYHB
oTHocHTe/bHO Hentpa 0, mosromy

04, = —mt+k

§ =04, + 04, + ... + OAy =0

2) Ecaiun = 2n — 1, 10 BepmHHEl Ag ¥ Age—y, Ag ¥ Agp—2 H T. A, CHM-
METPHYHBI OTHOCHTe/IbHO psiMofi 04, (pc. 5.5). TTosToMy BeKTOpHI, paBRLIe

cymmam Bektopo OA, u 04y, OAy n OAs_z W T. A., KOMIHHEADHH
sextopy OA,.

04, + 0Ay—; = o, 04,
40

6], + O—Zu_g = a.ml
04, + 0Axys = a,04,
Tosromy - L
E“mr{‘(ﬂa‘_‘f'o‘qa'i‘ cor 4 OAgp—y =

e -ﬁ-jl + (m! + m&i—l) + (0‘_AS + mﬂi—ﬁ) + “ e +

+ (04, + 674&44) =0A; + (g +ag+ - +ah)a1 = a04,
AHaNOTHYHO MOMKHO MOKa3aTb, 4TO

04, + 04,4+ -+ + OAy—, = pOA,,

eaefioBatebio, 20A,; = POA,.
Ho Bextoput 04, u 0A, Heko/JHHEapHH, TIOSTOMY
3anaua 6. (Ck. IV, 15.161)
B OKpY)KHOCTb BNHCAH NPaBHIbHBIA N-yroAbHHK. [l0KasaTh, 410 CyM-

Ma KBaJpaToB BCEeX ero CTOPOH H BCex ero Auaronanefi pasHa n*R?, rie
R — pazuyc OKpYXHOCTH.

AOKA3ATENLCTBO
Mycts A,A; ... Ap — NpaBHIbHBA MHOrOyroJbHHK. O — UEHTP OK-
pyxuocri. Haiinem cymmy KBaapaToB paccTosimmii OT OAHOH M3 BepuIMH
(nanpuvep A,) 1o apyrux sepumn: A,A3, A,A3, ... A,A;. Paccmorpum
sekropsl 4,4, AAs, ..., A1A,. dlpokosem» ux Toukoh 0:

1A1=m‘l “"mn

X

------------

Torza .
AA} + A+ ... +AA=2(n—1)R*—
—2 (04, + 04, + ... + 04, —04,) 04, =
=2 (n — 1) R? + 204} = 2nR* — 2R + 2R* = 2nR?

Ananornuso Ana Kaxaol u3 Touex A,, Ag ... 4, Eymla KBaJIpaToB pac-
cTOAHKA 10 ocTafbHBIX BepluwH Taxke paBHa 2nR®. [ockoabKy Kampoe
paccrofinue CUHTaeTCH ABaXKIB!, TO HCKOMad CyMMa paBHa

-h—R;'—" = nR3,
3anaua 7. (Cx. IV, 15.233)
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B okpyxHocTh paanyca R BhnHcaH NpaBHIbHBIA 7-yroabHHK, [loka-
3aTh, YTO CyMMa KBajApaToB paccToOAHN 1060/ TOUKA OKPY3KHOCTH A0 Bep-
LIHH MHOrOYroJbHHKa paBha 2nR?2,

AOKA3ZATENLCTBO

[Tycte X — HeKoTOpasi TOYKa OMHCAHHON OKOJIO IPABHJIBHOrO N-yrofib-
~ HuKa A A Ay ... A, okpyxHocTH (pHc. 5.6).

XA, =04,—0X

----------

YuurniBas, uto |0A,| =|0A,| = -+ =|0A4,| = R, umeem
Al +XA3+ oo + XAz =nR*+nR*—
— 20X (04, 404, + -+ +0P,)
YuurteiBas 3ajauy 5, uMmeeM, 4TO .
04, + 04, + 04, + --- +04, =0, u
XA} + XA3 + XAi+ -+ + XA, =2nR2

3a.naqa 8.
‘fasn.nbnou n — YroJbHoi nupamuje ¢ BepiHHOH S M OCHOBAaHH-
A, Boicora paBra H. Haiiru

|54, + 54, + .-- +34,]
PELUEHME
[Mlycts O — uentp muoroyroabhuka AA, ... A,]
SA; = S0 + 0A,, 3uauwur,
|SA,+ 84, + --- +54,|=|50-n+ (04, + 04, + --- +
+04,|=nH.

3anava 9. (Ck. IV, 15. L43)
Haun tpeyronsunk ABC (Jmc 5.7) Ha npsmeix BC, CA, AB naun
COOTBETCTBEHHO Maphl TOUEK ( 2) (B1 B,) (CI, C,) TAKHE,uTO

JHoxkasarb, uro

BC  CA _ AB
Al"‘l - BIBQ o CI.CB
AOKA3ATENLCTBO

AB+BC+CA=0

42

[ycrs

A7, = mBC
B,B, =pCA
C,C, = kAB
A,A,+ BB, +C,Cy = kAB + pCA +mBC =0 (1)
P TAL™BC =0
[#B+4 CA+ 4 BC = o]

u AB+BC+CA =
Orciofia k = p = m, 4TO JI0OKa3biBAeT yTBEPKIEHHE 3a/auH.
3apayqa 10.
Jlanbl HenepneHAHKYJspHbie CKpeIHBalomuecs npamsle a H b. Ha
npsiMofi @ B3ATH TOYKH Ay, A, Az, U3 3THX TOYEK NMPOBEJEHLI MepneH/H-
Kynspsl A,B,, A,B,, ,B, npsamoi b. Jlokaxure, uto
A4 - BBy
A4, T ByB,
AOKA3ATENLCTBO
[Mycrb a 1 b — pannsle npsamble (puc. 5.8) [To npaBuay MHOroyroJbHH-
Ka uMeeM

AI.AI = A,B, + BJ.Bs + B,y4, (1)
AA; = A,B, + BB, + B4A, (2]
OGe yactu pasencts (1) u (2) ymHOXHM Ha ennnuqm:lﬁ BeKTOp p, CO
HanpasJieHHbIA ¢ BEKTOpPOM B.B,.
AA, - p =B,B, - p, orciofia

|A,A,|cos ¢ =|B,B,|, Takxe [(p — yron mexay npamuimu @ u b))
-p=DB,B, - | AgAg|cos @ = | B,B,|,

A
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BHAYHT

AAy BB
Audy ~ BB,
3anava 11, ‘
Ha croponax BC, CA n AB tpeyroabhuka ABC Haum cooTset-
CTBEHHO TOYKH A,, B, u C, Takue, yto
AC, = kAB, BA,=FkBC, CB,=kCA
Buuscants cymmy Bextopos AA,, BB,, CC,

A

A
Puc. 5.9
PELLEHME
AA, =AB + BA, = AB + kKBC (puc. 5.9)
BB, = BC + CB, = BC + kCA
CC,=TA +AC,=TA + kAB

Torpa
A4, + BB, +CC, = (1 + k) (AB + BC + CA)

Yuumueas, uto AB + BC + CA =0, noayuum A4, + BB, + CC, =0.
3apaua 12,

Jana Tpeyronbuas npusma ABCA,B,C,. Toukn A,, B,, C, feasr cro-
- porsl BC, CA, AB B paBuBIx oTHOWeRHsX k. JloKaXHTe, UTO CyMMa Bek-

mopoB A,4, + B,B, + C,C, ne 3asucur or k.

AOKA3ATENLCTEO
Hmveem (pre. 5.10)

AA, = A,A + A4,
44

o]

o]

By = B,B + BB,

Clcn =m + Eﬂ

Kowme toro, A4, = AB + kBC, BB, = BC + kCA, TC, = CA + kAB
YuurniBas, uto AB + BC + CA = 0, noayuum A, Ay + BB, + C,C, =
= 34,A.

3anaua 13. (Ck. 1V, 15.159) '

Ian yernipexyronbink ABCD. Jlokasartb, 4TO TOYKH NEpPeceueHnsn Me-
Aanan Tpeyrosbinkos ABC, BCD, CDA, DAB saBAsiOTCS BepLIHHAME
YeTHIpexyroJbHHKa, TOMOTeTHYHOro faHHomy. Haiitn kosdduunent romo-
TETHH.

AOKA3ATENLCTBO
[No npaeuay mHoroyrosibHuKa (pHc. 5.11)

AB+BC+CD+DA =0
MM, + MM, + MM, + MM, =0

Myets K — cepeauna BC. Tlockonbky Bektops MyM; i DA cona-
npaBJiens, To

MM, MK _ 1
DA Ak 3
WUrak, MM, = -i- DA
Anasnoruuto
MM, = CD
MM, = BC
Hraxk,

MiM“i—M‘Ma’!'MsM"l‘MgMI -—_—%(44_3""-'5_(: —|—E+ﬁ-jj=0_.

CrnenioBarenibHo, uernipexyronbiuk MMM M, romorernvuen uern-
pexyrosbuky ABCD ¢ kospuuHeHTOM FOMOTeTHH k = 7 —. -

3
3anaua 14. (Cx. V, 17.110) :
Jlokasarb, uto ecsin B Terpasiape ABCD nporuBonoJioxunie pebpa
NonapHo NepnenaHKyaAApHH, TO

AB¥ 4 CD* = AC* 4 BD* = AD* + BC*
45



AOKA3ATENLCTBO
ficho, wro AD + DC + CB + BA = 0 (puc. 5.12)
HiH -
|AD[* +|BC* +2AD - CB =|AB|* +|CD* + 2A4B - CD.
YyuteiBan yc/IOBHS, HMEeM
P AD? 4+ BC® = AB* +CD?
. AHaJIOPHUHO JIOKASHIBAeTCH, 4TO
R e ' AD?*+ BC? = AC* 4 BD?

Hrak, AB® + CD® = AC? 4 BD* = AD? + BC?.
- 3anmaua 15. (Ck. V, 17.066)
B napannenorpamme ABCD touka K — cepenuua cropous BC, a Tou-
ka M — cepenuna croponst CD. Haiitu AD, ecan AK = 6 cm, AM =
=3cmu 2 KAM = 60°

D
4 8
C
Puc. 511 Puc.5 12
' c
A B B
N N

A D
Puc. 5.13 Puce 514,
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PaccMOTpHM ¢3aMKHYTBL xbn-}yp_» AKMD (puc. 5.13) AK + KM +
+ MD + DA = 0. 910 BeKTOPHOE PAaBEHCTBO 3aMHIlleM TaK!

AD = AK + - BD + - CD (1)
Vunrusan, uto KM =AM —AK u CD = BD — AD, supaxenne (1)
NpHMET BHA:
~ AD = 2AM —AK
O6osnaunm AM =a, AK =Db, yroa mexiy BeKTopaMn @ u b Kax ¢.
Torpa
-—g-AD’ = 4a* - b* — 4abcos @
2 1
AD=—3'V4a9+36—-4-3-6.-.2—
AD =4 (cm)
3apaua 16.

Jlokasarb, 9TO W3 MNOJIOBHH JHAroHajJeif NpoH3BOJLHOTO Yerhipex-
yroJbHHKa H Jio6ofl H3 ero cpeHHX JHHHIA MOMHO COCTABHThL TPEyroJib-
HHK.

PELLUEHME . .

ITyers ABCD — HeKoTOpHIH ueThipexyroqbHuK (pHe. 5.14) M — ce-
peauna orpeska AB, N — cepennna CD.

N = (4D + BC)

INosromy

Cor1acko yC/IOBHIO 3AMKHYTOCTH OTPE3KH C ANHHAMHE ~+|AC|, 5 | BD|

H | MN| cocraBasiioT TpeyroJibHHK.



6. CKANAPHOE NPOM3BEAEHME

CkanApHbiM NpPOMSBEJCHHEM JBYX HEHYJEBHIX BEKTOPOB HashlBaercs
NPOHBBEJCHHE YHCJOBLIX 3HAYEHHNA J/IHH STHX BeKTOPOB HA KOCHHYC yria

MeMAY HHMH
a-b=|al-|bcos(a b
rue,
< (a, b) < 180°
Ceoficrsa CKaNfpHOro NpoH3Be/leHHs:
l.a-b= b * @ — KOMMYTaTHBHOCTb
2. (@ + b) ¢ = ac + be — aucrpuGyTHBHOCTH

3. UYncnoBofi MHOMHTENb MOXKHO BBIHOCHTB 3a 3HAK CKaJISIPHOTO Mpo-
U3BeJIeHHA:

ka) b = k (a - b), Tak KaKk HMeeT MeCTO coueTaTeJbHBIA 3aKOH.
anaua 1. (Ck. V, 17.105)

Ian tpeyronbuuk ABC, AB - BC = 8; |AB| = 10; | BC | = 6. Ha-
Arn AJHHY BbicoTht BD onymennofi 3 Bepuunn B. fIBasercs qu yroJa
ABC ocTpbiM HJR TYNbIM?

PELLEHME
[ycrs § — maomans Tpeyrombuika ABC (puc. 6.1).

S = |4B| - | BC|sin £ ABC,
|AB| - | BC|cos (180° — B) = 8, oTkyaa

cos (180 — B) = —=-, c0sB = —

15 *
sInLABC:]/l——;.ﬁ—

BD —.25 _ | 4B || BC| sin £ ABC
b = VAB' F BC'—2AB . BC cos Z ABC

-%= %2— [Tockonbky cos,_{Br-—%{O. T0 £B

Sanaua 2.

Cunrasn, 9ro KaXapifi H3 Belcmpoa a, b, ¢ He eCTb HY/Ib — BeKTOp, yc-
TAHOBHTb, NPH KAKOM HX B3aHMHOM PACIOJIOKEHHH CNpaBei/IHBO PABEHCTBO

(@)c=a )
PELLEHME
[lyctb @ ¥ ¢ He KOJLIHHEapHH.

Tormaa-b=5b-¢=0,7. e a_lb, bJ_c.uororAaaucxomn-
HeapHbl — MPOTHBOpeuHe.

[lyctb @ ¥ ¢ KoanuHeapHBl, T. e. cyuectByer Takoe K, uro @ =
= ke, TOrja ycJoBHe
(@-b)yc=a(b-c) sanumerca Tax:
(k(c-B)c=ke(d-c)
NOSTOMY YCJIOBHe BHIIONHEHO, 3HAYHT @ W ¢ KOMJIHHEApHM, b — mpous-
BOJILHBIM,

3apaua 3.
Jlanu TPH_KOMNJIaHAapHBIX eIHHHYHBIX BEKTOPA el. ey, e, TAKHE, YTO
e,e, + e,e, + e,g = —1. Jloka3saTb, 4TO [1Ba HS HHX TMPOTHBOMOMONHEI.
. AOKA3ATENLCTBO
Tax xax'é? = |, HMeeM

el e, - ey + 28y + 18, =0,
T. e. (e, +¢,) (e, + €;) =0. Ananoruyso
(En 4 -és) (és +Ea) =0
(21 +Z'a) (En +Zs) =0

Ho Ha M/IOCKOCTH He CYLIECTBYET TpPeX HeHY/IeBbIX BEKTOPOB TAKHX,
uTO BCe HX MONapHbie cKanspHble npousBeAeHHs Hyessie. CieoBaTe/bHO

OHH H3 BeKTOPOB (&; -+ ¢5), (e, + ¢5), (es + €5) paBen nymo.
3apaua 4. (Cxk. 1V, 15.236)

Ilokasatb, uTo ecan AnA TpeyroabHHKa ABC umeer mecTo paBeHCTBO
a® + b = 2¢%, 10

amy, + bm, = 2¢ - m,
/e Mg, My, M, — JLIHHBL €10 MEJIHaH.
AOKA3ATENLCTBO

(puc. 6.2) u m, = 2‘—31. Torpa

mh = (26— ) (2 + ) = — (4bC — 2az + 2b2 —a*) =

Hatinem m,. Mveem: 7, = —
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= (b0 + 2B —0) —a?) = + (4bC + 2(b — O —a?) =
= (2b* + 2 —aY).
AHaJIOTHYHO HAXOJHM, 4TO

mb=%]/2'as+262—bs. mf:-.%l/?az—l—%“—c".

lMNopacrasue B jokasbiBaemyio Qopmyny, H yu4nThiBas, 410 @® 4 b =
= 2¢?, mosyuum:

eV T —B 4+ bV F i —a =cVIF 1+ 25 — ¢

V3a2+V3b* =2V 3¢, umn a* + b* = 2c*.

Mu nmpumaH K BePHOMY pPaBeHCTBY, T. €. JAOKa3nlBaeMoe yTBepiKIeHHe
crpaBelJIHBo.

3apaua 5. (Ck. V. 17.056)

Hajits o6beM TpeyroJqbHOH nHpamuibl, NMOCTPOEHHONH HA BEKTOpax

0A,0B u OC, ecnu|OA|=5,|0B|=2,|0C|=6, OA - 0B =0,
OA -0C =0, OB - OC = 8.
PELLUEHME

Tockonbky OA - OB=0 u OA -0OC =0, 10 » AOB ="90°
2 AOC = 90° (puc. 6.3). Mckomblii o6bem V Haiiziem mo dopmyne

V=~ -|04|-|0B|-|0C| - sin £ BOC, un

V=225 sin ~ BOC = 10sin £ BOC
Us paaeﬂc'rna 0B - 0C =|0B||0C|cos £ BOC =8 caenyer, uto
coséBOC:-s—, TOrfia smABOC—V -—-T=—'-/-§- H

V5
VﬁIO'T.

3apaua 6. (Ck. V, 17.073)
K oxpyxHoctH ¢ uenTpom O npoBeileHbl BBTOYKH M JIBe KacareqabHbIE;
- — —
A u B — Touku Kacauus. Pasnoxuts Bektop MO mo Bektopam MA
—
MB, ecru / AMB = «.,
PELLEHME

OGosnauum R — papuyc okpyxHocti (puc. 6.4) Tpebyerca uaiith k
B BexktopHoM pasencrse MO = k (MA + MB} Bossenem B KBaﬂ.P&T,

yurd, uto / AMO = /_'BMO==—.
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8
A D
Puc.6.4
A
.B
0 [
Puc. 6.3
2 __ Mo®
Humeem £&? ¥ TNl
Rt 1
J1 k3 = =
o siﬂ'1 2R ct e 2 ’ct'icosu 4 cost =
7 |2R*ctg? 5 + 2R ctg? 5 7
Hrak,
MO = ———— (MA -+ MB)
2cas‘-g'

3apava 7. (Ck. V, 17.075)

Ha croponax BC, CA u AB paBHoGeapeHHOTO NpPAMOYTrOJBHOIO Tpe-
yroasinka ABC (2 C = 90°) aaub coorsercTBenHo TOouKH A,, By, C,.
Jlokasats, uto orpe3ku CC, u AB, nepneHjHKyaspHH U PaBHBI, €CJH -

TOYRM Ay, By, C; AeNAT CTOPOHL! TPEYroAbHHKA MO 06GXOAY B PaBHBIX OT-

m
HOLIEHHAX =
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AOKA3ATENLCTBO
Ins BexropoB CC, u A,B, (pnc 6.5) umeem (popmyaa 2.11)

CC, =% —CA + mﬂ CB;
r—— — | — m —
Torzna
CC, - A,B, = o |CAP — s | BC = 0

. T. €. STH BEKTOpPH NMepneHAHKYIAPHBL.

= m
G| = B cAr 27" CA - BC =

i |AC| Vm:+n!

m+n
|4,B,| = g:,‘_':;, BC*+40=——L ’BC" Vmi 1t 1. e
CCI_‘AB.

3anauva 8.
JlokasaTb, 4TO TPH BBEICOTHI TPEYroJibHHKa (HJIH HX MPOJAOJIKEeHHS) me-
peceKaioTcsi B OfHOIN TOuKe,

AOKA3ATENLCTBO

ITyers AH, u BHy — BricoThl Tpeyroabinka ABC (puc. 6.6). O6osna-
YHM TOUKY MepeceyeHHs STHX BHICOT /I U 4epessTy TOUKY NpoBejeM mnps-
myio CH pao nepecevennsi ¢ AB B Touke K. OGosHaunM TaKxe HA = a,

AB=1b, HC=c¢c. Torsa CB=b—c¢, AC=c—a, BA=a—1b
Wmeer mecto pasenctsa b (¢ —a) =0, a (b — ¢) = 0. Orciona ¢ (a —

A

A
Puc 65

— tg = 0. Hrak, orpesok CK nepneHfnkyasipen orpesky AB u K =
=

3anaqa 9. (Ck. V. 17.076)

B rtpeyrosbuuke ABC nano: AB = BC; D — cepefiHHa CTOPOHH
AC; DK nepnenauxkynsipra BC; Touka M — cepennna orpeska DK.
Jloxasa'rb, uro npamele AK u BM nepneniukyasipHbL.

LIOKA3ATENBCTBO
BM = BD +DM; AK =AC +CK (pue. 6.7)
PaccMotpum cKaaspHoe nponssenenne BM - AK:
BM - AK = (BD + DM) (AC + CK) =
=BD.AC+BD -CK-+DM.-AC+DM -CK =
=0 +DM.-AC +BD -CK + 0 =DM - 2DC + BD (CD + DK) =
=DK -DC+BD-CD+BD -DK=DK-DC+ 0+ BD -DK =
WUrak, BM - AK =0 u notomy, BM |_AK.

3anaua 10, (Ck. V. 17.062)

Nanst eMHUYHbIE BEKTOPBL M, Nl | p TaKke, 9to n L p, m L. n u yroa
_gexmy mu p pasen 60°. Haiith ckansproe npomu3spelieHHe BEKTOPOB
a=3m—2n+p u b=—2m+n—p.

PELUEHME
(3m — 2n + p) (n — 2m — p) =
= 3mn — 6m* — 3mp — 2n® + 4mn + 2np + pn — 2mp — p*.
INockosbky L o
3mn = 4mn = 2np = pn =0, 10
ab = —6m* —2n* — p* —5mp =
=—6—2—1—5:1-1--4 =—115.
3apaya 11, (Cx. V, 17.048)

__Pe6po ky6a ABCDA 1B,CyD, pasro 1. Haiith yron mexay seKTopamu

MN uDC, ecni N €CCy,u CN : NC; =2:1 M€ AA,, AM : MAy =
- ]2, .
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B, C

B | i
A + N
| I . _
a i S
-~
- ’*5
MY = B o il st singg &
1 M " 6)_ .
A / 2
D k c
4
Puc. 6.7 Puc. 6.8
M3 tpeyroasunka MKN: nyers K € CC, u CK 1 KC, = 1 : 2.

M — M0 = 4[] =

MN=Y2. bc=1.

3 L
N MN-DC_ 3
|MN|-|DC| v’

3anaua 12, (Ck. V. 17.055) _
B okpyxuocTH nposejensl paguycst 04, 0B, OC. Haittu seauun-
Hy yraa AOB, ecau OA 4 OB = OC.

PELUEHME
Tockonsky OA + OB = OC, 10
0A® 4204 - 0B + 0B* =0C®
Yunrusas, uro | 0A | = | 0B | = | OC | = R, wmeem

2R* + 2R*cos , AOB = R?,
OTKyZa cos / AOB = ——;
£ AOB = 120°.
3anaua 13. (Ck. V. 17.054) | T B
_ B tpeyronsuuke ABC nano: AB = 4i + 2], AC=3i+4j, rnein
j — eAMHHYHBIE B3aHMHO MNEPNEHAMKYJ/ApPHbE BekTophl. JlokasaTh, 4TO
TpeyronbHUK ABC npsiMOYroJibHbIA H BEIMHC/AHTD €ro MJOMAb.
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AC -AB = (3i + 4j) (41 +2)) =20
BC - AC = (— 41 — 2j + 81 + 4]) (31 +4j) =8B
BC -AB= (—i+2)(4i+2)=—4+4=0 12
pekTophl BC u AB neprnenpukyasipuni. Hafiiem MoAy/H 9THX BEKTOPOB:

|BC|= ) BC =VTFi=V5 AB=2V3.

Byge e A8 o SVETVD. .,

STy

Puc. 6.9 Puc 6.10

3anaua 14. (Ck. V., 17.124)

B okpyxuocte BnHcan TpeyrosbHuK ABC. Tlpsamasn, colepixaias
meauady CC, TpeyroabHHKa, Tepecekaer OKPYKHOCTb BTOPHYHO B TOY-
ke D puc. 6.10. Hokasars, uto CA? 4 CB* = 2CC, - CD.

AOKA3ATENLCTBO

CA =C,A +CC,, suauntr, CA?=C,A*+ CC}+2C,A-CC, .
(puc. 6.10).

Ananorugso, CB=CC, —BC, =CC,—C,A, CB*= CC} +C,A*—
— 2CC, - C,A. 3nauur, :

CA® 4+ CB* =C,A*+2C,A - CC, +2CC} + C,A*—2CC, - C,A =
=2 (CC} + C,AY). - (1
Ho CC, - CD = CC} + CC, - C,D =CC} +-AC} 2
' 55



2%%1“&2?)" BhipaxkeHHe (2) B Buipaxkennus (1), mosyuum: CA? -+ CB* =
= 1 . .

3apava 15. [lokaxuTe, 4TO MJIOMAAb BHIIYKJOrO YeTHIPEXyro/ibHHKA
paBHa '

S fgejat— bt A dt
ry

rae a, b, ¢, d — JIHHBI TOC/IEJIOBATENLHLIX CTOPOH YeThipexyroabHHKa,
¢ — BEJAHYHHA YIJla MeXAY AUaroHalaMmH, ¢ s& 90°,

AOKABATENLCTBO
[Tyers  ABCD — panubifi uerbipexyronsHdk W AB = a, BC = b,
CD == ¢, DA = d (puc. 6.11)
Torna
I .
= —5-AC - BDsing.
Buipasim niomans § uepes cKadspHoe NpoHSBeleHHE BeKTOpoB AC H
BD. $lcHO, 4TO BBIMOJHAETCH OAHO H3 CJEAYIONHX paBeHcTB: ¢ = AC,

¢ sm n—q¢=AC, BD BD.
Tosromy

) |cos (AC, BD)| = cos g.
3__;..Ac.socos.ptgqa==
=-%-AC-BDIcos(A_(T'. BD)|tgp =

1 yo—

A D xlﬁ_ﬁlcos(ﬁfm’)}]tgq:a
Pur 6.11 =—|AC - BD|tge.

AC . BD = AC (AD — AB) = AC - AD — AC - AB =

= (2AC - AD — 2AC - AB) = - (AT)* + (AD)* —

— (AC —AD)* — ((ACy* + (AB)* — (AC — ABy) =

= - (ATY* + (ADy* — DC* — AC* — AB* + BCY) =

= -;—(BE‘_._CT! +D-I_E_B!)'

nosToMy
S = |AC-BD|tggp = —|a*—b*+ c*—d*|tg .

3apaua 16. (Ck. V. 17.118)

JlokasaTb, 9TO B NpsMOyroJsHoMm napaasenenunene ABCDA,B,C,D,
cymma KBalpatoB paccrosinufi jmoGod TOYKHM NMPOCTPHACTBA IO BepLIMH
A, B,, C; u D paBHa cymMme KBaJipaTOB €e pacCTOSiIHHMA 10 BepwHH A, B,
C u D, (puc. 6.12).

PELLIEHME
Iokaxem, ato XA{ 4+ XC? = XB} + XD* (puc. 6.12).
Hmeem
XA + XC* — XB — XD* =
= (XA} — XB}) — (XD* — XC?% =
~ (XA, + XB,) ByA, — (XD + X0) - CD.
Tockoasky CD = BA,, 10
(X4, + XB,) CD — (XD + XC)CD =
— CD (X4, — XD) + (XB, — XC)) = CD (DA, + CB,) = 2CD - CB,
Tockoasky CD 1. CB, 10 €D - CB, = 0.
Orkyna
XA} + XC* — XBi — XD} =0
N0STOMY _
XA} + XC* = XB} + XD».

AHaJIOrHYHO AOKAasLiBAeTCsi yTBepKIeHHe IAA Apyrofi maphl BepIIHH.

3anaua 17. (Ck. 1V, 15.176)

B napajJjesbHbIX T/IOCKOCTSIX PAcroJioXKeHbl OJHHAKOBO OPHEHTHPO-
pannbie kBagparst ABCD u A,B,C,D,. llokasarb:

AA} +CC} = BBj + DD}
Pewenue: Iycts AB=a, AD=0b, A,B,=a, A,D,="b, CA,=

= ¢ (puc. 6.13)
Humeewm:

A, =a
E1'“ 1

BB, =a,+b+¢’
DD, =+ b, + 6.

67



Halizem ckaisipHble KBaapaThl 3THX BEKTOPOB
AA} = a? + b2 + c* + 2ab + 2ac - 2bc
CC} = a} + bt + ¢ + 2a,¢c + 2a,b, + 2b,c
BB} = af + b* + ¢* + 2a,b + 2a,c + 2be
D} = a* + b; + ¢® + 2ab, + 2ac + 2b,c.
Orciona: (1) A4} + CCl = a® + b* + af + bf -+ 2¢2 + 2ac + 260 +
+ 2a,c 4+ 2b,c
(2)- BB} + DD} = a* + b* + ai + bi + 2¢* + 2ac +
-+ 2bc + 2a,c¢ - 2b,¢ -+ 2ba; + 2b,a.
conocraBass paseHctBa (1) u (2) BHAHM, YTO AN JOKa3aTeNbCTBA JaHHOTO

paBeHCTBA OCTA/IOCH JI0Ka3aTh: ba, + ab, = 0
l'chrb P = = AB, A,B,, toraa ba, + ab,= |a||a,| (cos (904 @) +- cos (90—
)=

3apaya 18, (Ck. V, 17.102)

O6nbem -rpeyro.ubﬂoﬁ NHpaMAABI, TIOCTPOEHHOM Ha Bektopax OA, OB u

oc, paneH —-—- Onpeneants OA - OC, ecnu OB = 2, 04 = 1, 0C =
3,0B-0A=0,0B-0C=0
PELEHME

OB - 0A =0, suaunr ~ BOA = 90°
OB - OC =0, snauut, / BOC = 90°

O6o3naunm .~ AOC = o (puc. 6.14).
Torna

V= -—:;—-OB -8, rae S —muomane tpeyrosapinka COA

S = 5-0C - 0OAsina,

HTaK

-—];—:--—-—31—-- -1-3sine -

s a._-—z-. _V —-::]/
m 75 cos o 1 3~» SHAUHT

0A -0C =|0A|-|0C|cose=V8.

3a.ua-|a 19. (Ck. V, 17.111)
__Haiitn cxanspuoe npoussefenue sekropoB AK u BL, ecoiu AK n

BL — menuann pasroGefpentora A ABC, niomais KOTOporo pasHa S,
a £ A=120°
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PELLUEHME
BL = - (BA + BC) (pac. 6.15)

IMockoasky AK L BC, 10 AK - B

Pur.‘. 6.15
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_— | e

L.A =—-(BA-AB+BA . AC) =

~(—|AB [ + | AB|* cos 60° — ——+|ZBp,
YuHuTHBadA, 4TO S=—;-AB + ACsin120° = AB;V§ , OTKyla AB? =
_ 2 __ 45 TR AT S _ sy3
|ABP = V5 JuaumT AK - BL = — o Rt

3apaua 20. (Ck. V. 17.115)

B xBajpar BnucaHa OKpyKHOCT. Hokasars, uto cymma Kpaapatos
PacCTOAHHA TOUEK OKPYMHOCTH 10 BepIUHH KBajlpara He 3aBHCHT OT Bbi-
P Gopa stoit ToukW. Hafiti sty CyMMYy.

PELUEHME

OGosnaunm X — npoussobHyi0 TOYKY OK-
pyxHocTH (puc. 6.16)

AB=XB XA
BC=XC—XB
i
? C S =AB—a0
DA — XA —XD
Puc 6 AB® 4 BC? 4 CD® 4 DA® = 4a? —
ue.0.b = 2(XB? 4 X A* + XC* + XD*) —

—2(XB-XA +XC -XB +XD - XC + XA - XD), otciona
XB? + XA* + XC* + XD* = 2a* + (XB (XA + XC) +
+ XD (XC + XA)) = 2a* + (XB + XD) (XC + XA) =

= 2a*+ (X0 + 0B + X0 + 0D) (X0 + 0C + X0 + 04) =

= 2a* 4 4X0 - X0 = 2a® + 4R* = 2a® + a* — 3a®.

3apaua 21. (Ck. V. 17.103)
Hailtu o6beM TpeyrosbHOfi mupammuan, noctpoennoff Ha BEKTOpax

04, OB n OC, ecan |0A|=|0B|=I|0C|=s, OB .04 =0,
0A .0C =0, 0B . OC = 90. _
PELLIEHME
OA - OB =0, swaunt, OA 1 OB, OA - OC =0, suauur,

0A_L0OC, V==+0A-Sopc =—|0A|---|0C| - |0B|sin L BOC =
3 3 2
=2 sin £ BOC.

Mockomky OB - OC =20, 10 cos / BOC = -;— , 0OTKyAa sin »~ BOC =
3

t = g-
_Tosromy B

125 25
i L BOC = =g= o mg,

3anaua 22. (Ck. V. 17.065)
HafiTu KOCHHYC yraia MeXly AWaroxaisimMu napajinenorpamma ABCD,

eciu AB=a—1b +3c, AD = 4a— b —c, raea, b, c — eMHHYHBIE
NoNapHo NepPreHAKY/IsPHbIE BEKTOPHL.

A

Pucb.17

PELUEHME
[Tycrs O — TouKa nepeceyeHns Anaronaseft napannenorpamma ABCD

(puc. 6.17) Torna o o
74"6=—-————‘“;E =1 (5a—2b+20)

10 .08 = VB cose: A0-0B = L (— . 2
O'O = 1 CcOs @, AO'OB —T( l5+8) i
7 7
C05¢=‘5]r—33; |P-=arccos——5m.

3apava 23. (Ck. V, 17.082) : .
Jloka3aTb, uTO ec/ii GHCCEeKTPHCH ABYX IUIOCKHX YIJIOB TPexrpaHHO-

ro yrjiia nepneHAHKYJApHB, To OHCCEKTpHCA TPEThEro MJOCKOro yriaa
neprnenAHKy/AapHa Kax/IoH H3 HHX.
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AOKA3ATENLCTBO

[lycrs S — Bepmuna Tpexrpannoro yria SABC (puc. 6.18). Ha pe6-
pax OTJIOXHM €IHHHUHbE BEKTOPHI &), €,, €. SICHO, UTO BEKTOP e, -+ e,
NpHHAANEKHT GHCceKTpHce yriaa B.

AHanorHyHO BEKTOPHl €, -+ &g; e1 + ¢, mpuHajaexar GHCCeKTpHCAaM
ABYX APYrHX MJOCKHX YIJIOB.

Tlo ycnosuio .
(e, -+ ey) (63 + €5) = 0,
3HAYHT, L
€16y + 663+ ey + 1 =0 (1)
Paccmorpim cKansipHoe Npou3BeleHHe
ey + ) (3 + &)
_ (61 + &5) (es + e5) =eye3 + €16, + 238y + 1.

YuureiBas coorHowenue (1), umeem

(e, + €5) (€, + €5) = 0, 3naunr 9TH BEKTOPbI nepnemxynﬁpﬂu.
ARaJIOTHUHO, I0Ka3BIBAETCA, UTO (&; + €5) L (e, + €5)

3anaua 24,

B npsimoyrosoHoM mapaasienens-
nepe ABCDA,B,C(D, nnaronanb AC,
nepneHAHKyAApPHS TJIOCKOCTH, KOTO-
El“ NPOXOAHT Yepes ToukK A, B, D.

OK48arh, 4TO STOT Napajajejenunes
ABJReToA KyGom

Bg o C‘
4 . I "
E 3 &
A a D
Puc 6.18 Puc. 619
AOKA3ATENLCTBO

‘O6osnawnm a = AD, b=AB, ¢ =A4A,. Torpaa 1 b, a_lc, b1
1 0, moexosipKy mapajjenenunel npamoyroabHui (puc. 6.19).

AC,=a+b+o.
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|

AB=AB—AA, =b—ec.
Tak kak AC, L A,BD, 10 AC, L A,D, AC,_ | AB.

ITosTomy (@+b+c)@@a—c)=
(@+b+c)(b—c)=0.
PackpniBas cxoﬁxn B 3THX COOTHOLIEHHAX H YYHTbIBad MepleHAMKYJAp-
HOCTb BEKTOPOB “a, b, ¢, Haxoaum, 4TO @* — =0 0—c*=0,r. e

|al=1b1= |'c|, 4To MOKasbiBaeT yTBEepHKIEHHE 3ajauM.
¢
M, M,
¥
A 8
Puc. 620

3apaua 26, (Cx. V. 17.086)
Haiith yroa MeXAy MeJHaHaMH KaTeroB PaBHOGEAPEHHOro MpsAMO-
yroJibHoro TpeyroJbHHKa, oOpalleHHHII K THIOTeHys3e.

PEWIEHME

B tpeyronbnnke ABC AM, u BM, — menuann, £ AMB = ¢
(puc. 6.20) ycts AC = BC =a, AB =aV 2%

BM, = AM, = 215

AM, - BM,

COS P = ——— —
=TT, 1 BMy

YuuteiBas, 410

BM, = - (B4 + BO) = - (2BC + TA) w AM, = (AT + AB) =
= = (2AC -+ CB).



Hmeem
AM, - BM, = — (2BC + CA) (2AC +TB) =

' 1
=-(0—28*~2a* 4+ 0) . o~ =—a, |AM,|-|BM,|=
_'alfﬁ' aVE=5 o AM, - BMy, _ —da? 4
B R R A A P " YR 17 A~ ity 2
q>=::t—-arccos-4—.

5
3anaua 26. (Ck. V. 17.093)
Hana wensockas samknyrtas Juius ABCD. Jlokasath, yto ecan
L ABC = 4/ DAB = 90°uDA = CB,10 / ADC= 4 BCD

AOKA3ATENLCTBO

O6osnaunM CB = DA =a, CD =b, 4 BCD =a, 4 ADC=§
(puc. 6.21).

— CB.CD _ CB(CB—l—BA—!—AD} a4 CB.AD
ICB|-\CD| |CB| - |CD| ab
cosp = DC - DA _ DA+ 4B+ BC) DA _ a* + BC . DA _
IDC| - \DA| |DC| - | DA\ ab
- a* 4 CB . AD
ab

BHAYHT, COS & = COs f.
Yauruisas, 910 0 < a < 11, 0 < B < @, noayuaem, uro
xa = ﬁ
3anava 27. (Ck. V. 17.092)
E;mnuqnue BEKTOPbI e,. °y H e, _YAOBJIETBOPSIOT YCJIOBHIO .eI + e, +
+ e5 = 0. Haliri e,e, + €5 -+ g8,

; PELUEHME
ITo ycaosuio o
e,+e3+e=0
Bospenem B KBajipar!
€6+ €+ € + 2 (6,8, + s + £165) = 0 (1)

YVuuThiBas, 970 |€ | = |¢,| = |eg| = 1, noayunm
El-é!+ eses + Elas =‘—'§‘-
3anaua 28, (Ck. V. 17.089)

B powbe ABCD touku M u N — cepepwnn cropos BC u CD. Hafitn
Z MAN, ecan £ BAD = 60°,
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OGosuauum ~ MAN = ¢ (puc. 6.22)

__AM-AN__ _ (AB+ AC) (AD + AC)
|AM |- | AN | 2A5% + 247~

OGosHaunm AB = BC CD = DA =a, ABAD = a.
Torga AC = 2a cos -—-

cos Q =

o
cosa+1cas'%+4cos‘-2—* 13
cos @ = = =—“—.
1 +8cos'T

13
@ = arccos 3 *

Puc. 6 21 Puc 6.22

3apaua 29, (Ck. V. 17.114)

B ky6 BnHcana cdepa. [lokasaTb, 4TO CymMMa KBajpaToB paccTof-
HHIt Kaxaof TOuKH cephbl 10 BeplIHH Ky6a He 3aBHCHT OoT BbiGopa 39TOH
roukn. Haiith sty cymmy.

J:IOI(ASA‘I‘EIII.CTIO

Iycrs X — Touka cdepsi, uedtp Koropoi O O (pune. 6.23).
Hmeem XA, =04, —0X; XB1 = OB1 —0X, XC,=0C — 0X,,

XD, = 0D, —0X, XB=0B—0X, XC=0C—0X, XA =0A—
— 0X, XD = 0D — 0X. 3uauur, x32+xcﬂ+‘ﬁ*+XA + XB*
+ XC* 4 XA* + XD* = 80X* + 80B, _20;{(031.1.001 + 0D, +
+ DA, + 0B + OC + OD + 0A) = 80B] + 80X® = 6a® + 2a* = 8a®.
rie a — cropoHa Kyo0a.

3 4—1185
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B, 3anaua 30. (Ck.V. 17.117)
Ly Hau npsmoyroabuuk ABCD.

/h JlokasaTb, 4TO CyMMa KBaApaToB

o paccrosiHuii oGOl TOYKH mpo-

A =SeC crpascrBa o BepunH A u C

/ l paBHa CyMMe KBaJpaToB ee pac-
\ / } CTOSIHHH 10 BepwiuH Bu D,

\ AOKA3SATENLCIBO
BY \

SO e Iyere DC =a, AD =5
(puc. 6.24), X — npoussosib-
Has TOYKa.

an

XB - XD = (XD + (a — b)) XD = XD* + XD (a —b),
OTCoda

XA .XC=XB.XD (1)
Ho
(XA —XC)* = (XB— XD)».
Monyuaem XA® 4 XC* —2XA - XC = XB? 4 XD* — 9XB - XD.
Yuuruias (1), umeem
XA? 4 XC® = XB? 4 XDs.
3apava 31. (Ck. V, 17.130)

B oxpyxHoctb ¢ uentpom O BniHcan uersipexyroabhuk ABCD, nua-
TOHaAH- KOTOPOTO, - epeceKaiollnecs B TOUKe P, B3aHMHO MepPreHAHKY-

asipue. Jlokasate, uyto cepenunni cropon AB u CD, uentp O w Touka
P sBAsOTCH BepIIMHAMHA Mapa//aesorpamMmma.

AOKA3ATENLCTBO

OGosnaunm cepeaunsl cropon AB u CD coorserctBenHo M u N
(puc. 6.25). Haiinem ckanapuoe npoussenenue PM u DC.

—_ 1 L

PM - DC = —(

)- (PC—P

O

(PA.PC—PA-P
Mockoneky PA - PD

R
RN

J ¥
N

3
e

- PD

-

vo| =

+PB.PC—
PA.

=,aA

I
3 3

3 S

On

| &

O]
I
| & o

C
ol

C, 10 ON | PM. Anuanoruu-

=
)

snaunt, PM L DC. Tockoabky
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Ho, PN - AB=0u PN ||_O'M, caellopatensio P, M, O u N — Bepmu-
HBl MapaJjiesiorpamma.
3anaua 32. (Ck. 1V, 15.237)

Jlaubl ABa HeKoJJIHHeAapHbIX eAHHHYHbIX Bektopa a u b. [lokasarn,
uTOo AJMAHA BekTopa (a - ¢) b — (b - ¢) @ He 3aBHCHT OT HanpasJjenHs ¢,
€CH ¢ — EJHHHYHBIH BEKTOp, KOMMJaHapHbific a u b.

NOKA3ATENLCTBO
O6osnaunm a, b = 2, | — ero Grcektprca (puc. 6.26) myers (1, ¢) =
= (. O6osHaunm { = (ac)b — (b - c)a. Hmeem ac = cos (@ + @), be=
= cos (p — ), @b = cosa, |1| = V=
—V cos* (¢ + @) + cos® (p — &) — 2 cos (P + @) €os 2 —
=/ L1+ cos (29 +2a) +7+cos(20—2a))—(cos 2¢-+cos 2) cos 2a—

= VT + cos 2¢ cos 2o — c0s 2¢ cos 2 — co0s? 2 = |sin2a.|, 7. e. |{]
He 3aBHCHT OT .

3apaua 33. (Ck. 1V, 15.173)

Jlausr nBa KBajpata ¢ obuwei sepunHofi OABC u 0OA,B,C,. Hoka-
saTb, 4to Mmeanana OM rtpeyroavhika OAC, nepneHIHKyJsApHa nps-
moit A,C.

AOKA3ATENLCTBO

O6o3naunM_croporn ksaapata OABC a u b (puc. 6.27), OC, =C,
OM =m; CA,=e, 0A,=d, £ A,0C =g.
Tornaa :

moe=4@b+0)@+d=—@ b+b-d+c-a+c.-d) =

—

=5 (@-c+b-d) =-|a|-|c|(—cos £ COC,+ cos £ AOA,) =

= —;—151 - |e](—cos (90° 4 @) + cos (90° + ¢)) = 0,

1. e. OM L AC,

3apnaua 34. (Ck. IV, 15.155)

Toukn M u N — cepeinnn Auaronanefi AC u BD deThipexyronbuu-
ka ABCD. [dokasaTb, uTo

4MN? = AB® + BC? + CD? 4 DA?* — AC* — BD*.
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—_— l — - _—

llaueem=-%-a N=T( 4+b5 u MN=AN—AM =

Teneps 3ajanHoe PaBeHCTBO MOXHO 3aMicaTh B BuJe:
@+b—0f =a*+ (c—a)* +(c—b)* + b* — * — (a— b)?
H AMA ero A0Ka3aTe/bcTBa OCTAETCA PACKPEHTh CKOGKH B JIeBOi H npaBoRt
YaCTH HAMHCAHHOrO paBeHCTBA.
3anaua 35. (Ck. IV. 15.154)

B okpyxHocTb BnHcan uYernbipexyroibhiuk ABCD, cofepxamuii ee
uentp. Hokasats, 4to ecan AB% 4 CD* = 4R?

A

B ¢

(S 8

a

4
A »y [
X
é
Puc. 624 Puc 625

rAe R — paauyc OMHCAHHOA OKPYIKHOCTH, TO AMATOHA/H YeTHIPeXyrob-
HHKA MepneHAHKyNapHbl.

AOKA3ATENLCYBO
Boiuncanm cymmy AB? 4 CD? (puc. 6.29).
AB* 4 CD* = (0B —0A)* + (0D —0C)* =
=4R*—2(0A - 0B 4 0C - OD).
YunrpiBas ycA0BHe, NOJYYHM
0A.0B+0C-0D=0 (1)

Puc. 6.28

Orciona, cos / AOB + cos ~ COD = 0, uan £ AOB ++ £ COD =
= 180°, anostomy u / BOC + / DOA = 180°. Us noc/ieAHero pasex-

cTBa CjeAyeT, 4To
OB.-0C+0D-04A=0 2
BeiynTas us paBeHcTBa (1) paBeHCTBO (2), MONYyYHM
0B - (0A—0C)—0D (0A —0C)=0
Hrak,
CA-DB=0
3HayuT, AHArOHA/IH YeTHIPEXYroAbHHKA B3aHMHO nepleHAHKY/APHLL.
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3apaua 36. (Ck. 1V, 15.152)

Ilan tpeyronsnuk ABC, H — Touka nepeceuenns BuicoT. [lokasars,
4TO

—_— —

HA . HB=HB.HC=HC-HA="k.
JIOKA3ATENLCTBO
HA-HB=ViR*—a® - V4R* —b* cos(180°—C) =

1 b2
=) o V <y — b (—cos€) =

abcosAcosBecosC _  ,pa
— W T = — 4R*cos A cos Bcos C.

TE becosBeosCcos A ,pa =
HB - HC = — === = —4R*cos Acos Bcos C = k.
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7. HAXOXOEHUE PACCTOAHMHA U YINIOB MEXAY NPAMBIMM

Kak HaxoauTtb paccToaHHe MexAy CKpellHBAOUHMHCA NPAMBIMH, MO-
KaiKeM Ha c/IelyloUleM npaMepe:

Haiitu paccrosinne Mmexly HemepeceKaioUlHMHCAl AHAroHaJsiMH ABYX
CMEXKHBIX rpanefi Ky6a, pe6po KOTOPOro paBHO m.

PELUEHME

[lyctb TpebGyercs Haifth paccrosnie MN mexay Auaronansimu A B
u B,C (puc. 7:1)

O6osnaunm BA =a, BC =, BB, =c. -

Paznoxum Bektop MN mo sektopam a, b, c. ITo npaBHJy <«3aMK-
HYTOrO KOHTYypa»:

MN = MB+ BC+ CN
YuuteiBas KoJIHHEapHOCTb BekTopoB MB 1 BA,, nmMeeM
MB = xBA, = x(a +¢).
Anasiornuno, CN = y-C_.'_Bl =y (¢ — b). Torama
MN =x(a+c¢)+b +y(c—b), nru
MN=xa+(1—yb+ (x+yec
Tak kak orpesok MN nepnenaukyaspes k npameiy BA, u CB,, Td
MN .BA,=0u MN -CB, =0
L (xfr + (1 —y)f+ (x+ y)f7 (EI +:c) =0
(xa+(1—yb+(x+y)e)le—b)=0

Mycts|a|=|b)|=|c|=m. Torna Hs mnepBOro paBeHCTBA c.e-
AYeT, uTo

xm? 4 (x+ y) m? =0,
orkyaa 2x +y =0
AHalorH4yHo H3 BTOpPOro papeHCTBA NOJNYYHM, HTO

x+2y—1=0
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Hmeem cHcremy ypaBHeHHi
{%+y=0

OTKyZa x=-—-;:—-. y=~2f-
Hrak

[Nockoabky
|\MN| =) MN?, |a|=|B|=Icl=m, 10

\MN| =Y Em o+ Tmr L = Y3

3anava 1.

Jlaus cKpemmuBaloOmHecs mpaAMbie @ H b, yron MexAy KOTOPbIMH
paBeH @; AnMHA HX ofmero nepneHaukyaspa MN papna d. Ha nannmix
NPsSIMbIX B3ATH COOTBETCTBEHHO TOUKH A H B, Tak ytro MA = m, NB = n.
Hafitn anuny orpeska AB.

PELLEHME
O6osnaunm Bexropsit AM = m, NB = n, MN = d.
Ilo npaBusTy MHOrOYroJibHHKa HMeeM!
AB=m+ d+n.
Bossesiem B KBajpar:
AB? =m?® 4 d + n* + 2md + Smn + 2dn (1)

Tak Kak BekTOpsl d H m, d H n NEPNEBAMKY/APHY, To md = dn = 0.
BosmoxHB 1Ba caydas!

) 9= {m, n) (puo. 7.2)
%) (7, 7) = 180°— ¢ (pHo. 7.3)
B nepsom ciyuae
m.n=|m|+|n|cosg
Bo Bropom cayuae
m-n=—|m|- lr?lcos¢
INoacrasue sti snayenus B (1), noayunm

|AB| = V-(/TE)” =V m*+n? +d* £ 2mncos g
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B 3m m

PuC'zs Pue 74

3anava 2. (Ck. V, 17.098)
Hau tpeyronsuuk ABC; AB = 4 cm; AC =8 cM; £/ BAC = 60°.

Haiirn anmuny Bektopa AN, rae N € BCu BN : NC=3: I.

PELLUEHME

[lo ¢opmyne nenenns orpeska B AaHHOM orHomeHHd (pHe. 7.4)
AN = AB 4 34C

4 F
- AN =V (AN) = -V ABT ¥ 9ACT + 64B - AC - cos
Mpu AB =4, AC =8, o = 60°
AN =V 43
3anaua 3. (Ck. V, 17.120)

Hafrn anuny 6uccektpucst AM tpeyrosbuuka ABC, ecan AB = o,
AC=bu L A=a.
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PELUEHME
Hokaxem, uTo

2bc cos —;—
AM = —pr—
YuuteiBas dopmyJy leJieHHs OTpe3Ka B JaHHOM OTHOLUGHHH, HMEeM
. v P b 4 be
AM =1 = 5T
- o~ cb + bc \? b2c? - 2bc (b » ¢) + c?
— 2 _ ——
|1 1 _I/l s ) o , 3HauuT,
= 2bc cosi
17 =55 =
b+ "l- ¢ - b4+c
Io - 2be
JIc TaBJsA AaHHBle 3ajadu, umeem AM e cosT

3anaua 4. (Ck. V, 17.061)

B pombe ABCD anuna cropounl paBha 6, a BeanudHa yraa BAD
paBHa n/3. Ha cropone BC B3sita Touka £ Takas, uro EC = 2. Haiitn
paccrosinne or E 0 ueHtpa cumMmeTpHH pomba.

PELLEHME
Ouesnano, yro ~ DBC = n/3, BD = 6 (puc. 7.5)

OF = 0B +BE=-+ DB+ 2 5C
Bosseaem B KkBagpar

OF* = 2% {2 pcr— 280 BC o5/ DBC =94 16—12=13

OE =V13
3anaua 5. (Ck. 1V. 15.237)
Jaunbl nBa HEKOJITHHEAPHBIX EAHHHYHBIX BeKTOpa a ub. ﬂoxaaa‘rb.

YTO ANHHA BeKTOpa @ 00b—( -¢c)a ne 3aBHCHT OT HanpabJeHHs c,
ecJIH ¢ — eAHHHYHBL BEKTOP, KOMN/1aHapHslil ¢ a u b.

AOKA3ATENLCTBO
Tlepeaviil cnocob

YuutbiBas ycJoBHe, ¢ = ma + nb u

|EI= V ma!+ 2mna-- 5 +n3b2= Vﬂlz +2fnn cosa +n= '

nockoabky |a|=|b|=|c|= 1. flcno, uro V'm® I 2mncosa + n* =
= |, rjle @ — yroj Mexily BeKTopamH a u b.
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Hmeem -
I=(@-0)b—(b-0a=(a(ma-+ nb)) b— (b (ma-+nb))a=
= (ma* +na - b) b —(ma - b +nb*)a= (m+ncosa)b—
- —(n+mcosa)a
Hafitem anuny sexrtopa |

‘e

]?1=V(m+ncosa)=b3—2(m+ncosa)(n+mcosa)ﬁ3+
T (n+mcosa)?at = V(m—|—ncosa)“—2m+ncosa)(n+ T

- mcosa)cosa +(n+ mcosa)® =V m® + 2mncosa +

=

.. -1—_’
" T nfcos® @ — 2mn cos & — 2m?® cos® o — 2n® cos® & —

“- e

— 9mn cos®c -~ n® -+ 2mn cosa + micosta =
=V m® + 2mncosa - n* — (m* + 2mn cos & + n*) cos® &
Ho m?® -+ 2mn cos o, -+ n* = 1, 3HauHT,

|7|=V T—cos®a = |sinu|,

C/Ie/I0BATebHO JUTHHA BEKTOPA [ 3aBHCHT TOJILKO OT YIJa MekJy BeKTopa-

MH @ ¥ b ¥ He 3aBHCHT OT HanpaBJ/ieHHs BEKTOpa C.
Bropoit crioco6 cM. crp. 94
3anaua 6 (Ck. V, 17. 101)

O6beM TPeyro/ibHoOf NHpPaMiabl, MOCTPOSHHBIH Ha BeKTOPAaX 0A, OB u
OC, pasen }/15. Onpefeants MIHHY BEKTOpa "0C, ecin OA - 0B = 1,
OA-0C=0 0B-0C=0,|0A|=|0B|=2.

PELUEHME

[Ipumem 3a OCHOBAHHE TPEYroJIbHOM NHPaMHbI, MOCTPOEHHOA Ha BeK-
topax OA, OB u OC tpeyroastnk AOB. Toraa

V = - Saos - OC (puc. 7.6)

Haiizem nuomans Tpeyroasuika AOB. Tak kak A0 -0C = 0B - OC =
=0, 10 £/ COB = 4/ COA = 90°

A0 . BO 1
AOB = LA
cos £ AQ | 40| - | BO| 4
; V15
nostomy sin £ AOB =
A0 - OB - sin =< AOB V15
S.&AOB= P] — 2

75



nV= V OC HTAK,

Y oc=VT5 0c=6

3apava 7. (Ck. V. 17. 059)
__JMau ky6 ABCD A,B,C,D,. Halit KocHHYyC yrjia MeXJy BEKTOpamH
DA, u DM, rae M — cepenuna pe6pa CC,

OGosnaunm Ay peGpa Ky6a Kak a, yroa mexkay sexropamu DA, n DM
Kak @ (puc. 7.7)

DM - DA,
cos = ——— (l
® = Tom - 164, )

=}
>

|
‘J i D
|
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Yunrwisas, uro DM = DC + CM, DA, = DA + AA,, dopmyay (1)

—;—Vﬁ-aﬁ’
. ﬂ"
_ DC.DA4DC.7A4,+CM.DA+CM-A4, ___ 2 1
a — SESMET - '
—2‘-1-“1/5-01/2 %—-VIO Y10
V 10
@ = arccos —

3anaya 8. (Ck. V, 17.064)
HafiTi yros meXay He Hy/eBLIMH BeKTOpaMH @ M b, ecau
(@a—Db)2+(2a—b)* =56, |a| =2, |b|=3
PELLIEHME
(a—b)* 4 (2a— b)* =56
a® 4 b* — 2ab + 4a® + b* — 4ab = 56

ab=—3

ab 1
COS @ = —=———— = — —~
AT TR 2

o = 120°

3anava 9. (Ck. V, 17.090)
Ilan npsimoyrosbubit napassenenunen ABCDA,B,C,D,; AB =a,
BC = b, DDy = c¢. Hafith octpuiii yroa mexany npsimeivda BD, u A,D.

OG6osnaunm AB = a, AD
npsmeiMi BD; u A,D.
AD=A4,A+AD=—¢+b, BD,=BB, + B4+ A4,D, =
=—a- c+ b.
Torna A,D - BD, = (—¢+ b) (¢ + b— a) = ac — ab + bc 4 bb—
—cc—Ch=0b"—c?
C apyroit cTopoHsl,
|AD|=V&F0o, |BD,| =V@+ b +¢*, 4,D-BD, =

D =0, AA, =¢ (puc. 7.8), ¢ — yron mexay

m



=Vbr+c® . Va4 b2+ cicose

| 4,D - BD, |

cos = —_—m—e—m——

oS @l =~ 35130,

3HAYHT, !
‘COS(P'Z Iba—..f,'ﬁl

Vi V@t te
3apaua 10. (Cx. V, 17.100)
Hau Ttpeyroasuuk ABC; BD — wmepmana; / DBC = 90°; BD =

= !;_3 AB. Haittu / ABD.

PELUEHME
BA+ BC) (puc. 7.9). BD*=BD.BD = (BA-BD +
+ BC . BD) = %B—A . BD, cnaenosatenvio BD? = —;— BA - BD x
X

cos £ ABD. Yuutppas, uro BA = ;5

1 i+
BD2= T . ?.:;—BDIZCOS‘/_ABD

= |
BD=.§_(

BD, noayuaem

-
cos/_ABD-;‘_;’. £ ABD =%
=]

Puc 79

3anaua 1. (Ck. V, 17.049)
Menuanbl GOKOBBIX CTOPOH paBHOOEAPEHHOro TPeyrojibHHKa mnepece-
Kaiotcsi noa yraom 60°, Hafiti yroa npu Bepiuuse Tpeyro/ibHHKa. '

O6osnaunm £ BAC = x. Tyets AC =b, AB=c u |b|=|c| = 1.
M — Ttouka mepecevennss meanan (AB= AC). OGosnauum Janee
CM =m, BM =n (puc. 7.10)

78

Hraxk,

(+—3) »

Mockonbky |m|=|n|=m, 10 m-n=—. C Apyrof cro-
POHbI '
men = (5 =) (5 —2) = S Ghe—2(* + oY)
YuntheiBas cooTHowenue (2)

(5bc — 2 (b + ¢¥))

—3)’,

L
7 =9

YuuteiBasa cooTHoluenue (1)

e__j_(
mi==9

N’Iﬁl

HJIH
+ (5 =8 = e 20+ e

Mockoasky |b|=|c|=1, umeem

x = arccos —3
- 14

3apnaua 12. (Ck. V, 17.047)
B npsmoyrosbHom napaasenenuneae ABCDA,B,C,\Dy nano: AA, =

jDIO. AD = 6, AB = 8. HaiiTi KoCHHYC yrJaa mexay BekTopamn DB, #
1

O6osnauum AB =4, A\D, =b, AA, =c, @ — yroa mexay Bek-
topamu DB, u AD, (puc. 7.11)
| DB, - AD, |

coso = ——>——L
| DB, | - | AD, |



Toraa

AD, =b+¢

DB, - AD, ={o+a—b)(b+c)=ac+ab—bc + c*+ bc — b* =
= ¢* — b* = 64.

‘ 64 __8

- V136 5V 17

COSO = —

¥V 200

3apaua 13,

B paBuoGeapeHHOM TpeyroJbHHKe MEAHAHbI, MPOBeJeHHbIe K GOKOBBIM
CTOpOHaM, B3aHMHO neprneHAuKyJasapuel. Hafith yron mexny GOKOBBIMH
CTOPOHAMH 3TOr0 TPeYroJibHHKA.

PELUEHME
[Tycte B Tpeyrosbuuke ABC AB = AC, BB, u CC, — meanann
(puc. 7.12)
O6o3Haanm L o
B=p, AC=q
Torna

BB, =B,A +AB = 57 —p, CC, = AC,—AC =+ p—7.
Mockosnbky menuanst BB, u CC, nepnenaHKyIsipHbl, TO
BB, - CC, =0, uau

YuuThiBas, 4TO

HMeeM
-—i——t'cosq:—-f‘:[)

cosg =10,8
¢~ 37°
3apaua 14, (Ck. V, 17.095)

Hspecrnst anunn peGep terpasapa DABC. Hafith KOCHHYC yria Mex-
Ay npoTHBoJexawumu pebpami AB u CD.
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F =
Eg
S

b Lo T
=

Puc. (7. 1%
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__Pacemorpuwm _tetpaspp DABC (puc. 7.13). O6osmaunm DA = a,
DB=b, DC=c¢, BC=a;,, AB=c¢,, CA=b,, ¢ — yron Mexiy
pe6pamu AD n BC Buuucasiercsi mo gopmye
| B2+ b7 — e — ]|

20“1 (l)

COSl:p=

JokasbiBaemoe PAaBEHCTBO PABHOCH/IBHO  PABEHCTBY |2a - CB | =
= | 4? —¢* 4+ AC* — AB?|,
uin | 2a (b —c)| = |b* —* + (c—a)* — (b —a)?|.
Ho |b® —c* 4 (c —a)* — (b —a)?| =|2a (b —20)|,
a 3nauuT, dopmyaa (1) BepHa.

3anaua 15. (Ck. V. 17.029)

Manup Tpu BekTopa a, b u c. Jlokasars, uto Bektop (bc)a — (ac) b
neprneHAnKyAsipeH BeKTOpy ¢

ROKA3ATENBCTBO
TMepemuoxum sektop (bc)a — (ac) b u BexTOp _
¢: ((bc)a — (ac) - b)) ¢ = (be) (ac) — (ac) (be) =0

3HAYHT 3TH BEKTOPHI MepPNeHAHKY/IsPHBI.

3apaua 16. (Ck. V. 17.044)

Iau xy6 ABCDA,B,C,D, (Bepuitbl ocHoBanusi A BCD pacnooxeHt
no XoAy 4acoBod crpeskH); K — cepeauna pebpa AA;; H — cepeanna

pebpa AD; M — uenrp rpaun CC,D;D. Jlokasars, uto npamas KM nep-
NeHAHKYAsipHa npamoRt B, H.

AOKA3ATENLCTBO

OGoanaunm BekTopnl AA, —a, AB =c¢, AD = b (puc. 7.14).

) —t—a)=L1B—b—ba+

IMockonbKy be =0, ba=0, ac=0, o KM - B,H = —;——32 - -'2—E==0
3naunt, KM _L B,H, uto u tpeboBaJjioch JI0Ka3aThb.

3anaua 17. (Ck. V. 17.043) '

B npaBuabHON YeTmpexyroibHofi nupamuie SABCD pnuna Kaxioro
pe6pa pasHa a. Touka M € SC u SM : MC = 2 : 1. Haiith yroa mexay
pekropami DC u AM.
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PELUEHHE
O6o3Haunm ¢ — HCKOMbIA Yrod MeXAY BEKTOPaMH DC u AM (puc. 7.15)

| AM - DC)
COSq‘;: lml' l_D_CI .
I[To popmyae (2.11)

2
A‘M:_S—

S, AM - C=_§._(_:.'f+—;-_3 . DC.

3l
(&

i
i

|~

O6oswawuu [DC| = a. Torsa AC-DC=aV3. 2¥2 =,

[Mockoabky AM =AC+CM, 1o lm|=VE’+@T1"—'

" Z2|AC| - |CM|cos Z ACM . Tlockoabky cos 2. ACM 3"2_2,1-0

"=

Hrak,

3anaua 18.

B npasuibiom Terpaeape DABC orpesox MN coenunsier cepeanuy
pe6pa AD c uentpom rpanu BCD, a otpesok QP COelHHSET CepeinHy
pedpa CD c¢ wueHrpom rpauus ABC.
Hai'gu yron wmexay orpeskamu MN
u PQ.

PELLEHME

O6o3nauum pebGpo rerpasapa DABC
(puc. 7.16) Kak a, BeNUUHHY Yrja Mex-

ny sektopamu MN u PQ xax q. A

=

M
COS f = ——=—
@ | IV

13

o

Q|

U MN =MD + DN
MeeM FQ“= W—W ’
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Torna
— 8. O HEKOTOPBIX BEKTOPHbIX MOPMYNAX
ms¢=(m+m(5ﬁ—b_ﬁ) __MD-DQ+ N-_@—-'D?-HD'_EW.EF:

l -l -
nockoabky MD = —a, DQ=_;-a‘ DN=”—§/-:3—.DP= al3/s "
1 3 3
CUS/—MDQ‘—T'E COSANDQ=-'—/§—. cosAMDP=___';5 , a
2V = =— e
cos /NDP = ==, |[MN|=|PQ|= (DN—DM) =VDN*
“"X"DN*—2DN - DM - cos , NDM . PaccMOTPHM HECKOMIbKO HanGosiee 3HAYHTEbHBIX BEKTOPHBIX dopmy.
2 — DD2 ] ) ¥ TOKaXKeM HX NpHMeHeHHe NPH pellleHHH 3ajau.
Ws A ADD, AD{= DD}~ AD*—2AD - DD, - cos £ NDM. Ipu moGom BhiGope TouKH X PaBeHCTBO :
[lojcTaBisin 3HAUEHHA HMeeM: <7 Vi
(GV§ ’=(aﬁ)' L XC =aXA + (1 —a) XB (8.1)
) ) ) + a* —a*V 3cos L NDM, orkyzna cos »/ NDM = 1715l HEKOTOPOro uHe/a o a;aae'rcacueﬁdxonu;mm H JIOCTATOYHBIM YCJIO-
13 V3 2 7 = - BHEM TPHHAANEKHOCTH TOUEK . Bu C (A %= B) onxofi npsmof.
= ~5~. Teneps |m|.—_.]/(63 )+(—g—)—“’%§”$= Mpy s1om BC = o - BA. s
-l/‘ 1 1 i a 3ameruM, uTo 3Hauenue Koappuuuenta
=a -§-+ 1 g onpejessieT NoJoXEeHHe TOYKH Ha npsAMoi 0<d <
' AB (puc. 8.1)
ey B B A Ecam 0 < a < 1, 10 Touka C Haxo-
8 4 3 9 | A w B: d.¢0
Cos @ = 5 AuTCA MeXAy, ToukamH A ¥ Dj )
AL 18 ’ ecain ¢ > 1, 10 Touka A HAXOAMTCA
22 mexay C u B, n naxonen, ecan o <0,
1 1o Touka B maxomurca mexay A u C. g
@ = arccos —g—. KosdxpHilHEHT HrpaeT pojb cBOeoGpasnof
KoopAHHaTH Ha mpamofi AB: HauanoM
KOOPAMHAT CJAYXHT TouKa B, Macwral sa- Puc.8.1

Aaetcs otpeskom BA.

JlokasareabctBo (opmyJisi (8.1) npuBOAUTCS HA CTP. 3

OGpauaem BuHManue Ha GOPMYJbI CleeHHA OTPesKa B JAHHOM OTHO-
wrennm» ( 2.11)

n N A m VD
XCoe s XA + 7 XB (8-2)
Ecau C — cepeanna otpeska AB, 1o
= _;- (XA + XB). (8.3)
Pacemorpum npumenetne dopmya (8.1), (8.2), (8.3) wisi peluienns sajau.

3apava 1 :
B rpeyroabuuke ABC 1oukH A,, By, C, ABAAIOTCH CepeliiaMi CTOPOR
BC, AC, AB. Jlokaxure, 4o TpH JoGom BHIGOPE TOUKH X Buinosinsercs
PaBeHCTBO
XA, + XB, + XC, = X4+ XB + XC.
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AOKA3ATENLCTBO .

A, + XB, + XC, = o (XB+ X0) + - (XC + XA) +

+ - (X4 + XB) = X4 + XB + XC.
Bapava 2. (Ck. V, 17.052)
~ BekTopH @, b u ¢ Jexar B oHOl MJIOCKOCTH, M o6pasyior nonapHo
JAPYr c JpyroM yrJinl -21 Pa3snioxHuTh BeKTOp a no BEKTOpaMm buc, ecau
la|=3,1b|=2, ICI=-1

PELLEHME

O6osuaunm AD = — a (puc. 8.2) [lycrs L — nepeceenne AD u BC

OGosnaunm AL = x. [lo dopmyse (8.2), yuutmBas, uro AL — Guccexr-
puca yrna BAC

- l— 2-
X =Tb+—3-8
TaK Kak | b | =2, |¢| =1
AD = —a=oax (1)

Mockoabky AD u AL KoJIHHEapHH, TO

- - 2
Ho |a| =3, | x| = (moxaxurel)
[Noncrasum sHavenue o B cooTHowexrue (1), H OKOHUATENHHO MOJIYYHM

o =

=l

— 3 — -
a=——5b—3c.
3apaua 3. (Ck. V. 17.042)
B rerpaeape ABCD wmenuana DD, rpanu ADB neautcs Touko#h M B
ortowenns DM : MD, = 3 : 7. Pa3/ioxurb BexTop CM mno Bektopam
CA,CBucCD.

PELLEHME
Io dopmyane (8.2) (puc. 8.3)
Y arvi 7 TDh 3
TMockonbky CD, = -%— (CA 4 CB)

T0
] 7 = 3 1 = , ==
=37 7 =7 3 == 3 7
C =g GR35 OA g ER
3anaya 4

[Tycrs Toukn A,, By, C, neast cropount BC, CA u AB TpeyroabHuKa
ABC B onHOM 1 TOM Xe oTHomenwun A. Jlokasarb, 4ro orpeskn AA,, BB,
1 CC, aABAfI0TCA CTOPOHAMH HEKOTOPOro TpeyrodibHHKa (puc. 8.4).

AOKA3ATENLCTBO

Hocratouno gokasath, uto A4, + BB, +CC, =0
HUmeem: AA, = AB 4 BA,

- — o~

Ananoruyno BB, = BC - ) e
— ?L P—
CC, =CA + Ty AB
3HauHT
AA, + BB, + TC, = AB + BC + CA + - (BC + CA + AC)

INockoasky
10 AA, + BB, + CC, = 0, uTo J0Ka3bIBaeT yTBepKAeHHE 3ajauH.
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3anava 5 (Ck. V, 17.075)

Ha croponax BC, CA u AB paBHOGEAPEHHOrO NpsAMOYIOJBHOIO Tpe-
yroibuika ABC (z C = 90°) paHel cOOTBETCTBEHHO TOYKH A,, B,, C,
Hokasatb, 9to orpeskH CC; H A;B; nepneHAHKy/AspHbl H PaBHbI, €C/IH
TOYKH A 1B,C‘ AeJIAT CTOPOHBI TPEYroJibHHKA 110 06X0/ly B paBHBIX OTHOLIe-

HHAX
AOKA3ATENLCTBO

OGosnauum (puc. 8.5)

La=Lh 0 ._18

m

[To ¢opmyxne (4.2) CC, = m:-n i CB
A:B, = B, — T, = 2 CA — = CB. Toraa T, - A;B, =

(m+n),|(';‘2| ——_IIBCP =0 snaunt CC, | A,B,. aree

A
A
Cy
B, C,
B,
C A' B B—-— A‘ (3
Puc. 8.4 Puc. 8.5
-} n?
|CC, | = (:',+ﬂ), cA? +2-_ﬂj;6_.§z=_%m
|4,8,| = (m+‘n}‘ac==m+ VT,
auauur, CC, = A,B,
3anava 6

CkpelHBalomHecs NMpAMBE 2 W n; TNEpeceKaloT TPH NapaienbHbie
TIJIOCKOCTH @y, Gy, Ct3 COOTBETCTBEHHO B TouKax A, B, Cu A 1B,C;. Or npo-

u3Bo/IbHOR TOUKH 0 omiokeHs! Bekrop OM = AA,, ON = BB,, OP =
= CC,. [Ioxasatb, uto Touku M, N u P NPHHALMEKAT OAHOM MpAMOIi,
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AOKA3ATENLCTBO

[Mockoabky Touku A, B, C npunan-
aexar mnpsamoii n (puc. 8.6), To no
¢opmyaie (8.1), yunTiBas, 4to

ICB|:|CA | =|C.B,|:|CiA; | =k,
nonyuum OB = kOA + (1 —k)OC

Ho BB, = 0B, — 0B = kAA, + (1 —
—KCC, i
ON = kOM +- (1 — k) OP
a sTo o3Havaer, uto ToukH M, N, P
NIpHHAJJIeXAT OAHON MpsAMOil.

3anaua 7

Ha croponax AB u BC Tpeyroabuu-
ka ABC B3stel ToukH M u N coorBer-
creenno AB = 5AM, BC = 3BN. On-
peakn AN u CM nepecekaorcs B TOu-
ke O. HaiitTi oTHOILEHHe IVIOWLa el Tpe-
yronwuukos AOC n ABC.

PELUEHME
O6osnaunm BA = p, BC = g (puc. 8.7)
Toraa
— 4 - 1 -
BM = —+p, =39

Tax kak Touka O mpunamnexur npameim AN u CM, 1o mo ¢opmy-
ae (8.1)

BO = ,BM + (1 —a,) BC = a,BA + (l —a,) BN, snauur

+p +(1 —a) § = agp + (1 —ay)g,
OTKyAa

4
Tal = Oy

1
l—ay == (1—oa)

Pewas NONMYYEHHYIO CHCTEMY, HaXOIAHM

10

8
4= “=r
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Hrak,
C0 = o,CHM -0 A
co 10 S x0¢ 110 2
TV T =TT " Sppe —F T =T
3anaya 8

Jloka3atb, 4T0 TpH GHCCEKTPHCH BHYTPEHHHX YIJIOB TpeyronbHHKa
nepecexkaioTcs B OJHOH TOUKe.
AOKA3ATENLCTBO
[Tyets /, — Touka, nensinas Guccektpucy AL, B OTHOLIEHHH (puc. 8.8)
Aly, _ b+e¢

Ly a
(a, b, ¢ — croponu BC, AC, AB)

X A
J
5 & 5
Puc 87 Puc 8.8
[lycre X — npoussoabhas Touka. Ilo dopmyae (8.2):
Klpma 8 WX _0Fe oy
A1, a+b+c XA+ a4 b+e XLy =
= a TE b = c =R
adb-4¢ XA + a-b-c XB+ a--b-4c XC.
[Mycts /; — Touka, sensmas Guccekrpucy BL, B OTHOWEHHH "':c Torza
T b B atec w7
=y XB+ g XL.=
_ b VB a YA c Y _ VT
P XB + Em XA+ 0T XC = X1,

Anasiornuno jokasmisaercs, uto X7, = XT,. 3uaunr, Touku I, Iy, Iy
COBMAJAIOT, 9TO JOKA3LIBAET YTBEPIKACHHE 3a/aUH,
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3apaua 9 (Ck. V, 17.097)
HaiiTH oTHOweHHsi, Ha KOTOpHe TOukKa P mepeceyeHHs] OHCCEKTpHC
;peyro.nhnnxa ABC nenut Kaxnayio 6uccexrpucy, ecin BC = a, CA = b,
B =c.

[Myers Guccektpuca yraa BAC nepecekaer cropony BC B Touke L
(puc. 8.9). ITo popmyue (2.11)

y | AB-AC+ AC-AB _ —b-c+c-b
- AB ¥ AC = bFc
e AB PR, ¢ =
BL=—.4T:+AC BC = 5

Tak xak oTpe3ok BP npunaanexur 6uccekrpuce yrina ABL B Tpeyronbhe-
Ke ABL, 10

- a-=c¢ - £+C
_T)_-—-c.b_,_c +a bk e
c-}--:—_'}-c? atb+e¢
A_'P=E+§ﬁ=5+ ca—ac _ —b-c+ch

at+b+4¢ a+t+b-+c¢
TMockonbKy BekTopn AP u AL KOaAnHHeapHH, TO
|4P|:|PL|=|AP|:|AL — AP| =
—be+ cb —becb  —betcb |_ b+e
atb-+tc b-t+c at+b+c¢ |~ a °
AHAJIOTHYHO BHIYHC/ISIOTCH JBA APYTHX OTHOLIEHHS:
c+a a-b
—

c

3anava 10.

B miockoctH Tpeyroabuuka ABC B3fiTa mpoH3BOJNbHAA Touka p, M,,
M,, Mz — cepenuuni cropon BC, AC,AB. Touku A,, A,, Ay cum-
MEeTPHUHBl TOuke P oTHOCHTeNbHO Todek M,;, M, M; coorBercrBen-
Ho. Jlokasarb, uro npamuie AA,, BB,, CC, nepecekaiorcsi B OHOM

AOKA3ATENLCTBO

Iycte X — npoussonbHas Touka (puc. 8.10) OGosuauum XA = 1y,
XB=71,XC=r,
Mycrs panee Touku O, Op, Oy NPHHAAMEKAT COOTBETCTBEHHO NPAMBIM
AA,, BB,, CC, u
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Puc 8.9 Puc. 8.10

Torpa
X0, = o, XA, + (1 —a,) X4 (1)
[Tockonbky PM; = M,A,, 10 no opmyue (8.3)

XM, = -5 (XP +X4,)
OTKYAA
XA, = 9XM, —XP =74+ 1, —XP
Tenepb BuipakenHe (1) MoXKHO 3anucartb Tak:
X_O-l. =°‘1(;= +-r-3——ﬁ)-|— (1 '—'a1)f_1 =

=(1—a)r, + or,+a,r,—a,XP.

AHanorHuno
Toﬁ = agry + (1 —‘“s)f_:‘f' “:Fa'_' “s)TP—-
X0, = ogr;, +0gry + (1 —0g) 73 — 2 XP
1

2 L]
X0, = X0, = X0, = X0
WUrak, npameie AA,, BB,, CC,, umeiot obiyio Touky 0.
3anauva 11.
B 0oKpyXHOCTb BNHCaH 4eThipexyroibiuk ABCD, nuaronajiu Kotopo-
ro nepecekaiorcss B Touke M. Uepes cepeanny S cropousi CD npose-

neHa npsvas SM, mepecekaer cropony AB B Touke K
JTokasath, uto AK : KB = AM?® : BM*?
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Ec/lH MOJIOKHTD &y = Gy = Oy = —, TO

AOKA3ATENLCTBO
O6Gosnauum AK 1 KB = x (puc. 8.11). Toraa no popmye (8.2)
[E— . [ — X —
MK = P MA 4 - MB

MockoabKky Bektopsl MK u MS xonauneapusi, a Touka S — cepefiHia
otpeska CD, To

MK = IMS = - MC + - MD

Bocnosns3osasunch pasercrson MA - MC = MB . MD = k, nonyunm:

MC &k MD &
MA ~— MA* ' "MB ~ “MBY
win MC = - MA, MD = ——~ MB

—kl Kl R
aiar MA — —prgw MB

[To Teopeme 0 efMHCTBE Pa3/OKEHHA BEKTOpA MO ABYM HEKOJIHHeap-
HBIM BEKTOpam

a MK =

| —&l
T+ x  2MAS
* =3 — MA*: MB?
% = oamEr OTkyla x= : y

uro # Tpe6oBanoch AOKA3aTh,
HssectHo, (ctp. 4), yroecan A, B u C — nonapHo pa3jHuHbIe TOYKH, He
NexallHe Ha oAHON mpAMoi, To Ana M0G0l ToukH X paBeHCTBO
XD =aXA 4+ pXB + (1 —a—B) XC
ABJIAETCS HeoOXOAHMBIM H AOCTaTOYHBIM YCJIOBHEM, NMPHHALJIEKHOCTH TO-
uek A, B, C u D opHO#t NJIOCKOCTH.
JlokaxkeM, uTo eciu Touka D JiexHT B IVIOCKOCTH TpeyrosnbhHKa ABC,

TO U3 pasencrsa (1) cenyer, gto

o = Spoc: Sasc

p = Sapc:Sasc

| —a—p =Saps:Sasc

AOKA3ATENLCTBO

__flcho, uto (puc. 8.12), CD =aCA + BCB, Monoxum CK = aCA,
CL = BCB. IMockonbKy Sapc:Sasc=CL:CB =P u Sspc: Sasc = @,
10 Saps:Sasc= | —a—fp. PaccmoTpum 3allaud @ NpHMEHEeHHeM
(opmysi.
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Pue 8.1/ Puc. 812

3anaua 12. (Ck. V, 17.094)
Iau Terpasap ABCD u Touka M B niockocts ero rpasw ABC. [lo-
Ka3athb, UTO A/IS Pas3/iOKeHHA
DM = DA -+ pDB + yDC
BHITOVIHAGTCH paBeHcTBo @ + f +y = 1.

AOKA3ATENLCIEO

Ecau B dpopmyae (2.9) crp. 4 3aMeHHTh KOIPPHUHEHTH @;, @,, Ay HA
a, B, v, Touky D sa M, a rouky X na D, 1o yTBepX¥AeHHe 3aJayH 10Ka-
3aHo.

3anaua 13. ITrockocTb orcekaer ot Gokosuix pebep SA, SB u SC npa-
BHJIbHON weThipexyronbHoli mupamuasl SABCD orpeskH

SK =-3-SA, SL = -4 SB, SM =+ SC

cooTBeTcTBeHHO. [liHHa GokoBoro pebpa mupaMuanl pasHa a. Haitu aau-
Hy otpeska SN, orcekaeMoro 3Toii MIOCKOCThIO Ha peGpe SD.
PELUEHME
B nupamuge SABCD (puc. 8.13) obosnaunm SA =p, SB =g
u SC =r. Toraa

SD =8B + BD=3B+BA+ BC=

=q+pP—qQ+r—q =p—qg+r

Hmeem . o
Ianee

SK=—4p, SL=—5qunSM=—tr
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Puc. 8 13 Puc.8 14

Tak kak Touku K, L, M u N npusaanexar oaHoli NJOCKOCTH TO 1o ¢op-
myne (2.9)

SN =aSK + pSL + (| —a—pB)SM =
=2 op+ 5Pr+5(1—a—pr.

Mu _NOJYYHM /IBA Pas/IOKEHHS BEKTOPa SN no HeKOMIJIaHaPHLIM BeK-
Topam p, ¢ # r, IIpupaBHuBast KO3pPHUHEHTH STHX Pas/IOKEHHI:

M3 stoil cHcTEeMBI HaxoanuM, k =—+¢,

o

otkyna SN = —g-a

3anaua 14. (Cx. 1V, 15.211)

Jlan mapannenenunes ABCDA,B,C\D,. Tlnockoctb nepecekaer mps-
moie AB, AD, AA,, AC, cooTBeTcTBeHHO B Toukax B,, D,, A,, C,. loka-
3aTh, 4TO
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AOKA3ATENLCTREO
O6osunaunm (pHc. 8.14)

_L]—]s_'.:m; —..._1L
| 4D, | | AC, |
!Hl ae LAAL

n '! I -
k,q—q,_mm_mﬁo_nm=6

[TockonbKy T0UKH A4, By, Co, D, npHHaANEKAT OQHOM NMJIOCKOCTH, TO 1O
(dopmye (2.9) BHINMONHAETCA PaBEeHCTBO

R—m—h—n=0
k=m+1-}-u. HJH

|4C,| Idﬂ I l“'Dnl I l

3anaua 18. (Ck. IV, 15.137)
Jlanbl JBa oTpeska 'AB u CD. Touka M € AB, Touka N € CD. 3mu
TOUKH AeNAT oTpeskH AB u CD cOoOTBETCTBEHHO HA OTPESKH, OTHOLIeHHe

KOTOPHIX paBHO k. Bipasntb BekTop MN uepes sexropni AC n BD.

PELUEHME
MN = XN — XM
N=——1 XCt 37 XD
—— 1 ———
XM = k+lx,=1+k+!x3

o (XC—XA) + W(XD_H) =

=TkFT k+l AC+ 7 k+l ‘30

Hrak, ectu Toukn M u N npunagnexar otpeskam ABwu CD n
AM i1 MB=CNi:ND=m:in, 10

o
MN = -2 —AC + —2—BD (84)

3anaua 16

B npounssosnbHOM yethipexyroasiuke A BCD (rerpasipe DABC) AB =
=gq,CD =p, EF=c¢c,rne Eu F — CepelHHbl OTPESKOB AC u BD,
Hafith yron mexay npsmeivua AB u CD.

PELLUEHME
Bocnonbayemcs dopmyaoft (8.4) (puc. 8.15)
2FE =DC — AB
Bossenem B KBaapar

4c* = a® - b* — 2ab cos (TJ_C'T AB)
3HAYHT,

cos(DC, AB) =12 Tl

3apaua 17

Huaronann vetsipexyronbinka ABCD nepneHAHKYJASpHEl H paBHbI.
Ha ero croponax aaumt Toukn P, Q, R, S rtakue, uro

AP:PB=BQ:QC=CR:RD=DS: 54
Jokasars nepneHAHKY/IAPHOCTL W paBeHCTBO oTpe3koB PR u QS

DOKA3ATENLCTBO

O6o3saunm O — TouKy nepeceuenns orpeskos AC u BD (puc. 8.16)
[lycTb 3a7aHHbIe OTHOLIEHHS paBHH A. To hopmyaie 8.4

1 s
R= 1_|_?\OC+ 1+?~OD

OP = I+AOA+ Y OB
OR == Hl-xm'*' l-txﬁa
A == A
0S = T oD + % 04
CnenoBaresbHo,
PR = OR — 0P = ——— (0C— 0A) + - (0D — 0B) =

4 4-1188



0S—05_00=—

T 1
5 AC + 1% BD
TprumeHss CKanApHOe NPOH3BeIeHHe BEKTOPOB, H YUHTHBAS, YTO COTMIACHO
yenosuio AC? = BD? u AC - BD = 0, nonyuum

5hs _ o _L+A
PR* =QS* = 1 3pv AC?

A mEsg Y Te
7w B0 — e AC =0
Buayur, |PR|=|QS| n PRLQS

3apaua 18

Jnuns ocHOBaHMHA Tpaneuuu paBHu a u b. Hafitu nmmy oTpe3ka,
DapaJ/ieJIsHOr0 OCHOBAaHHAM TPaMelHH, KOHUBl KOTOPOro MpPHHA/IeKaT
GOKOBBIM CTOpPOHAM TpaneluH, H KOTOpoMy
NPHHAJLJEKHT TOUKA TepeceueHust ero aua-
roxaJje,

PR-Q5 =

PELUEHME
B rpaneunn ABCD (puc. 8.17) FE |BC,
Touyka O — TOuUKAa MepeceueHHsi AHAroHa-

nefi. M3 nopo6us tpeyronbuukos OEC
'DH ADC

0E _ EC
AD DC
Puc. 8.17 U3 nonoGus tpeyroabuukos ODE u DBC
OE ED 5
BC T DC
[Mosromy
OE.BC _ EC-DC
AD-OE — "DC . ED
8HAYMT,
'Eg' " -2, aHa0/IOTHYHO 'EF -::-
ITo popmy.e 8.2

BF = o35 DA + 35 CB

Ho DA t4 EF {4 CB. Iockoneky | DA|=b, |CB|=a, 10

5 a b = 2ab
|EF|=IW5'5|+ ) l

L a-+b
(EcnH HEeCKOIBKO BEKTOPOB COHANPABJEHH, TO MOAYJAb CyMMbl paBeH
cymMMe MOAyJell STHX BEKTOPOB).
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9. MEAMAHDI, LLEHTPOM[] TPEYTONbHHKA U TETPASAPA

3aja4a 1.
B tpeyroasuuke ABC touka M — UEHTPOHA (TOuKa mepeceyeHHs Mme-

gHaH).
Jlokasatb, 4TO

MA+ MB+ MC =0
JAOKA3BATENLCTBO
[lepaoitl cnocob

HasectHo, uTO -
3XM = XA + XB 4 XC (ctp. 8)

IMMyeth X =M
Toraa

3MM = MA 4+ MB + MC, suauut
MA + MB + MC =0

Bmopoii cnoco6 My 3
2AM, = AB + AC
'M’Z-:—?T" (puc. 91) .
__ 9 — e c < B
Ananorwuno MB = — - BM,, MC = My
- _32" CM, Puc. 91

3uaaur, MA + MB+ MC = — 5. -+ (AB+ AC+ BA+BC+

+CA+CB) =0
Tpemad c

AM, = AB+ - BC; BM,=BC+  CA; ol

CMy = CA + + AB.

4 ' 9 .



3naunr
AM, + BM, + CM, = - (AB + BC 4 CA) =3,
cJieloBaTe/JibHO,
MA + MB+MC =0
Yemeepmoul cnoco6

[Mocko/bKy H3 MEIHaH TPEYroJbHHKA MOXKHO COCTABHTb TpeYroMbHHK,
10 AM, + BMy + CM, =0, caenosarensio MA + MB + MC = 0.

Ilammi cnoco6
Pasnoxum sexrop A M no sextropam MB u MC (puc. 9.2)

Puc.92
AM = oaMB -+ pMC

Caenaem napannensubiii nepesoc Bekropos MB u MC ua sekrop MA.
[Monyaum napannenorpamm ADME.

: AM = AD + AB
Hrak, -
MB M,B

M, u My — cepenunnt cropon AC u AB)
Hajnoruudo, ff = 1

Takum o6Gpasom, AM = MB + MC, uan
MA + MB +MC =0
Llecmod cnocob

IMpumernm Qopmyny nenenus oTpeska B JAAHHOM OTHOWeHHH (8.2)
(puc. 9.3)

BM = -3 BM, + - BA

_— 9 — i
AW = L AWM, + oA
VaurteiBas, uTo ml=-;—-'§f; AM, =%_B; CM, = -%—EF

HMeeM:
MA + MB 4+ WC = 0
3anava 2. (Ck. I1V.15.138)
JlokasaTbh, 94T0 HeoGXOAUMOe H JOCTATOYHOE YCJOBHE TOro, 9TO TOYKa

M ecrb nentpous TpeyronbHuka ABC, moxeT ObTh BHPAXEHO paBEeHCT-
BOM

MA+MB 4 MC =0

AOKA3ATENLCTBO

J10CTaTOYHOCTb.
[Tycrs BEMONHACTCS paBeHCTBO (pHC. 9.4)

MA+MB+MC=0
310 3uaunT, 9T0 BekTop MB -+ MC nporusononoxen Bexropy MA. Ho

MB + MC = 2MM,, (rne M, — cepenuna BC no npasuay napasjeno-
rpamma).
A

Ms

'-c My . BB My — ¢

Puc 093 Puc. 9%

lostomy MA = —2MM,, caenosatenbHo, ToukKa M NPHHAAAEKHT
meauane AM, ananoruuno, M € BMy u M € CM,, snauur, M — uentpo-
ui. OH equHCTBeHeH B Tpeyrosibnike ABC.

3anaua 3.

Jlokasatb, 4T0 MeAHaHL! TPEYroJbHHKA MEePeceKaloTcs B OAHOM Touke
H JeNATCA B OTHOWEHHH 2 | |, CYHTas OT BePLIHHEL.
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A AOCKA3ATENLCTBO
[Tepswiit cnocob

O6o3nauum M;, M,, Mg — cepe-
Ms auss ctropon BC, AC, AB tpeyronb-
nuka ABC, X — npousBonbHas TOY-

Ka maockocrH. (pue. 9.5) Toraa

: M, 8 XM= (XB+X0)

Ilyere  X; — Touka, Kortopas
Puc 95 fennT Menuany AM, B orHOWeHHH
AX,1 X;M; =211, Toraa no coornomenuio (8.2)

|l v , 2 1 21 ~= , v~
XX, = - XA +—5 XM, +-5274‘+-3—(-2- (XB + xc:)]=
+ (XA +XB + X0)
Ananoruuno: ecyqin X, H X3 — TOUKH, KOTOpBle JAEJNAT MeJHaHbl __tﬁj, H
= XX; = -;,— (7(74 + XB 4+ XC), 7. e. Touku X;, X, X, cosnagaior.

Bmopot cnoco6

B Ttpeyroncuuke ABC A
(puc. 9.6)

oMM, = MB + MC
(1
Pasnoxum Tenepb BEKTOP
AM no sexropam MB u MC-

AM = aMB + pMC

Ilenaem napasneqsHbifi o v A
nepenoc BekTopoB MB u MC f
na Bektop MA. Tloayunm
napaanenorpamm ADME; Puc. 96
AM = AD + AE
Hrak, -
MB M
Ananorwuno, =1 2)

TakuM o6pasom, AM = MB + MC
102

Cpasnusas (1) u (2), Bugum, uto
AM = 2MM,

4TO JOKA3BIBAET YTBEpXKAeHHEe 3a/auH.
3apaua 4. (Ck. 1V. 15.140)

Iaust n8a Tpeyroabunka ABC n A,B,Cy, G n Gy — TOUKH nmepeceyeHHs
ux meauad, /lokasarb, 4to

ml=%(ml +'§B1+CC1.)

AOKA3ATENLCTBO

[Tyete X — mpoH3BosIbHAS TOYKA MPOCTPAHCTBA
ITo dopmyae (2.13)

+)TC‘1'_X—C)=—;(A 1+ B1+_C_z)

3apaua 5. (Ck. 1V.15.153)

Jlar tpeyronsHuk ABC, G — TouKa nepeceueHus ero meauan. Iloka-
3aTh, YTO KakoBa Obl HH Gblsia Touka O, BHIMOJHSAETCS COOTHOILGHHE

0G* = - (0A® ++ 0B* + OC?) — - (AB* + BC* + CAY)

OOKA3ATENLCTBO
0A=0G+GA
0B =0G +GB
0C = 0G + GC

Bo3asenem ofe 9aCTH KaJIOro paBeHCTBA B KBaApaT, CNONKHM HX H MpPHMe-
HHM (hOpMYJIbL:

GA+GB+GC =0m
30G =0A + 0B + 0C
[MToayanm
0A?® 4+ 0B* 4+ 0C* =
= 30G* 4+ GA* + GB* + GC* 4 20G (GA + GB + GC),
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OTKYyJa
0G* = - (0A® + 0B* 4 0C*) — —- (GA* + GB* + GC?)

YuHuTHIBas, 4TO

‘-4—6':75—;-%' _G=B—|3_C, C-—'G—=C-|;f,‘_'
2AB - AC = AB*+CA* —BC?, (AB + AC)* = AB* + AC* +

A
+ 24B - AC = 2AB* + 2CA* — BC?,

—_—

" (BA 4 BC)* = 2AB* + 2BC* — CA*, (CA + CB)* —
= 2CA® + 2BC? — AB?,
noJiyyaeM 10KasblBaeéMmoe COOTHOILLIeHHe,

-

M, C

Puc 97 Puc 98

3anaua 6. (Ck. V. 17.070)

Haiith aauny mepuaHsi AM, Tpeyroabanka ABC, ecin AB = 10 cu,
AC =6cmn £ BAC = 60°.

PELLEHME
2AM, = AB + AC (puc. 9.8)
4AM; = AB* + 2AB . AC + AC*
4AM} =100 +2- 106+ -+ 36

3anaua 7. (Ck. V. 17.058)

Cropousl Tpeyronbiuka ABC cBA3aHBI COOTHOWEHHeM a® -+ b? = 5c,
Hokasatb, 4TO JBe MejHaHbl TPeyroAbHHKa MNepneHAHKY/AsApHH. BepHo
Jan ofpaTHoe YTBepKAeHHE?
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AOKA3ATENLCTBO

Mycts AM, u BM, — meaHaH ! JaHHOTO tpeyronbuuka ABC (puc. 9 9)
O6o3naunm CB = p, CA = g. [locTatouno Aokasats, uto BM, - AM

=0
Hwmeem:
BM, =CMy —CB=5q—p
AM,=CM, —CA=-5p—q
—_ = =\ (1= =\_5§= = 1
Torna BM, - AM, = Tq—p)-(Tp——q)=Tp-q-—Tp‘—

_..% 3 i .%.(-g—abcosa-—a'——b')
I[To Teopeme KOCHHYCOB
abcoso = —;;—(a’ + b —¢?)
Torna
BM, - AM, =—(— (@* + b9) ——c’) =+ (5" —5¢) =0 ()

u3 (I) cnenyer u yrBepxaense, o6paTHoe yTBEPXKAEHHIO 3aJauH.
3anaua 8.
,ﬂOK&EaTb. 4TO0 CyMMa KBaJpaTOB [JIHH MEJHaH MPOH3BOJILHOrO Tpe-
yroJbHHKA paBHAa TPeM YeTBepPTAM CyMMbl KBajJpaToB JVIHH CTOPOH STOro
TPEeyroibHHKa.

AOKA3ATENLCTBO

OGosnaunm BC = a, CA = b, AB = ¢ (puc. 9.10). Torja meAHaub Tpe-
YrOJbHHKA BHIPAXKEHE BEKTOPaMH:

=-a+-2—3 g= 5+_¢f '
r=t+a (1)
Hmeem ‘
at+b+4+c=0 2

Bossenem B KBajpar paBeHcTBa (1), M NMOWIEHHO CKJajbiBasi, Nocie
oqeaunuux npeoGpa3oBaHHil DOJTy4YHM

P+ q +r‘==—(a‘+b’+6‘)+(ab+bc+ca) 3)
Bossegem B KBajpar paseHcTBO (2):
a® 4 b* 4 ¢ + 2(ab + be + ca) =0,
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P My My
Puc. 9.9 Puc Q10

OTKYyAa
ab + B¢ + ca = — - (@ + b* + ¢*)

[Toxcrasum B (3)
[Monyunm

P+t =@ b 4o,

uto U TpefoBasoch JOKasaTh,
3anaua 9. (Ck. V. 17.079)
Meananst rpaneft SAB u SAC rerpasppa SABC nepecekaiorcs coor-

BETCTBEHHO B Toukax M, m N. Jlokasats, uto MN | BC, u nafitH oTHo-
wenue | MN | 1 | BC |

OGo3nauyum M, u N, cepeaunni pebep AB
(puc. 9.11), 1 1 cep pebep u AC rterpasapa SABC

Toraa

— — —— 2 — — o— —_—
MN = SN —3M = 53N, — 2 M, = - (SC + 57) —
— 5 (B +5A) = (SC —3B) = 4 BC,
snauur, MN || BC.
|MN|:|BC|=1:3

1) YunteiBasn oTBer 3ajauM, AyMmaercsi, 4TO B YCJOBHH 3ajiaydH Jomy-
meHa HeGpeXHOCTb: Hajo A06aBHTb, 9T0 M H N — eHTpOHAR rpanei
’ SAB u SAC, llenrpousiom TeTpasipa HasHBaeTCs TOYKA MepeceueHus
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OTpPe3KoB, KOTOpHIe CORJAHHAIOT
ero BepIUHHY C TOYKOH mepeceue-
HHA MeJHaH TPOTHBOMOJIOKHBIX
rpaueii.

3apaua 10

JlokasaTb, 9TO OTPE3KH, COe/H-
HAIOUWIHE BEepIIHHEI TeTpasjgpa ¢
HeHTpoHfamH (TOYKOH mepeceve-
HHA MejHaH) MPOTHBOMOJOXKHbLIX
rpanefi nepecekaloTcsi B OAHOM
touke E, KoTopasi JE/NHT KaXKABIA
U3 HHX B oTHoweHuu 3: 1.

AOKASATENLCTBO

[epeuid cnocob

[ycte O W K — TOUKH mepeceyeHHs MEJAHaH TPeyroJbHHKOB ABC u
SBC, Toraa

OT:0A=1:2,
KT:SK =112 (puec. 9.12).

[Mockonbky orpeskd OS u AK nexar A B OAHOM NJIOCKOCTH (nnockoeTH
A AST), TO OHH NepeceKaioTcs B OAHOH TOUKe. OGo3nauuM ee Kak E.
[Mycrs AE 1 EK =p:q, SE: EO =m:n.

Torpa

P~

- ST,

S0=—S4A +

«|
o]

mEy m T m T 2m
E = m+n SO'=3(JPI':+1I1)S“1 + 3(m+n ST

SFE__9 T4 P TR _ _ 49 TA 2p
SE = p+4q SA + P+4q SK = p+gq S+ 3(p+ 9 ST

SHAYHT,

S m
p+q 3(m+n)

2p - 2m
8(p+9 3(m + n)
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[TogenuB MouJIEHHO PaBEHCTBA NAHHOM CHCTEMBI, MOAyuHM ¢ :p = 1:3.
YunurtuBas, uro p = 3g, ;
m
T " 3mFn’

3HauuT, mtn=311.

AHa/IOTHYHO JOKa3LIBAETCH, YTO OTPESKH, KOTOPhie COeNHHAIOT BepUIHHHI
B u C c ToukamH mepecedeHHsi MeJHaH MPOTHBOMOJOMKHBIX TpaHed, ae-

s JIATCA B OTHOLIEHHH 3 : |.

Bmopoii cnocob

[Tyets X — npou3BosbHAA TOYKa
?poc-rpauc*raa. Torpa mo dopmyae
2.13)

X0=_L XA+ XB+X0)

4 B XK = (XB +XC +X3)

Briutsi mousIeHHO STH paBeHCTBa, MO-
JYUHM i

—_— 1 =—

Puc 912 310 3nauut, uro KO|SA u KO : SA =

: C = 1 : 3. IlocKOJMBKY TpeyroJbHHKH

EOK u EAS nopo6uul, 10 OF : ES = EK: AE = OK:AS=1:3.

AHaJIOrHYHO NOKA3BIBAETCSH, YTO OTPE3KH, KOTOPOro COeAHHSAIOT BepIUHHB

B u C c ToukaMH nepeceueHHs MeJHaH NPOTHBONONOXKHBIX MPaHeii, epece-

KaloT OZHH H3 AaHHBIX oTpe3koB AK uau SO B Touke E W jensitcs 3T0A
TOYKON B TAKOM e OTHOIICHUH,

3anava 11,
B rerpasape ABCD touku M; u M, sIBISIOTCA UEHTPOMAAMH rpaHeli

ADB w BDC. [loka3sath, uto BekTopst M;M, 1 AC KOMLIHHEeAPHBL.

AOKA3ATENLCTBO
Bocnoasayemes dopmyanofi (2.13) u puc. 9.13
XM, = - (XA + XB + XD)
T 1
M. = "3"

>

(XB + XC + XD)
Torna

MM, = XM, — XM, =  (XC — XA) = 5 AC

Bﬂa‘lﬂ'l‘, YTBEpHKJIeHHe 3aJlayH JOKa3aHo.
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3anava 12 ;

Tpeyroabuuk ABC sBisercs napajjeibHoOR NPOEKUHER TPeyroJbHH-
ka A,B,C, na naockocrs. HMasectno, uro AA, = a, BB, = b, CC, = o.
HaiiTi paccTosinMe MeXJy TOYKaMH NepecedeHHs MeJHaH STHX TPeyroib-
HHKOB.

PELUEHME

OGosnauuM neHTpoHAH Tpeyroashukos ABC u A4,B,C; cOOTBeTCTBEHHO
M u M, (puc. 9.14). Ilyers X — npou3Bo/ibHAA TOYKA MPOCTPAHCTBA.

D A By
l:h
Q 0 )

A c 7

e o
M
8 C
Puc. 9 13 Puc 9.4

Hveen :
MM, = XM, — XM = (X4, + XB, + XC,) —
—+ (XA 4+ XB + XO) =
_—;((FA,—'EH- (231—73)4-(3??31—?0)) -
= (A4, + BB, + CCy)

Orciona | MM, | = —;‘- | A4, + BB, + CC, |. Bextopu AA,, BB,, CC, —
KoAnuueapHnl. Ecan BepmHHb Tpeyronbhuka A,B,C; pacnonoxers no
OMHY CTOPOHY MJOCKOCTH TPOEKIHA, TO STH BEKTOPL COHANpaBieHbl H
|AA, BB, 4 CC,|=|AA,|+|BB,\+|CC,| =a+ b+ c. Ecanu
IVIOCKOCTb Npoekunid oraesnsier pepmuny C or Bepuwuw A n B, 10 Bek-
top CC, npoTHBONOJOXKHO HanpaBied Bektopam AA, u BB,. B rtakom
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D ; cayuae 3anava 14. (Ck. 1V, 15.244)
Yepes npoHsBoNbHYIO TOYKY P mio-

| MM, | _-!-la +b— c,l ckocru rpann ABC rerpasapa OABC
3 nposefieHa npsamas [, napajJenbHas
3 3apaua 13, npamoit OG, rae G — Touka mepeceue-
JlokasaTb, 4TO CepeAHHb MPOTH- Hus MeauaH TpeyroibHHka ABC. Ips-
BOTOJIOXKHBIX pefep TeTpasfpa CHM- mas [ mepecekaer MNJIOCKOCTH TrpaHed
A B MeTpHUHB OTHOCHTE/BHO €ro LEHT- OBC, OCA, OAB cOOTBETCTBEHHO B TOU-
poHza. Kax U, V, W. llokasatb, 4TO
K AOKA3ATENLCTBO PU + PV + PW = A0 + BO + CO
Llentporaom Terpasapa HasbiBa- PELLIEHME
eTcA TOYKa IepeceyeHHsT OTPe3KoB, — = o
¢ KOTOPbE COEAHHSAIOT €ro BepIUHHBI C O6osnaunm OA =r,, OB=r,, OC =
Puc 9 15 TOYKO#l NMepeceuenHs MeAHaH NpPOTH- =ry (puc. 9.16) Fuc 9,16
’ BOMOJIOXHBIX rpanei (cm. sapauy 10) T 0G | i - & o=
B rerpasape DABC (puc. 9.15) o6osnaunm M — HeHTPOHA OCHOBa- oria =5 (rn+ry+ 71y (popmyra 2.13)
uua ABC. — - -
Mycts E — cepenuna pe6pa AD, K — cepeauna pe6pa BC, G — ueutpo- OP =ary + Pry - yrs,
up rerpasapa. Toraa e @ +-p4+v=1 ;
o cooTHowerue 2.9
3DM = DA + DB+ DC (Ta , U) 0BC. 10 0T = ¥y 4 45
e o - K KaK Touka U npHHaAJNeXHT rpaHH , TO = r,
. 3DM =2DE + 2DK C npyrofi cTOpPOHHI hi
R 2 - . Ty = = _ _ B B
DM = - (DE + DK). OU =OP + PU = ar, +Bry +¥7s + 5 Ry (7, +7a + 7).
DG — aDM = %% (DE + DK) (1) MosTomy
T 1 p\5 1 5\= L p\=
_— Mg+ pry=|a+ = Ry|ry+ (B+ < Ry|rs + (¢ + = Ry |75 OTKYRa
m n 2 3 "1)"M § M)s 3 M1)'s
56=m+n05+—m+a5}{', @ ( }1 ( ) ( ) _
rneGK :GE=m:n : °‘+TR1=0- HIH Ry = —3a
Hs pasencrs (I) H (2), nonyanm: ClbnoakTaREHb, |
—;;?%—;— = j%?‘ ?537 = — 3C£Eﬁ§
Ananornuio
n 2a ——— - S
m+n 3 ' V = —3p0G, PW = — 3900
Orciona

m
oTKyaa — = 1. 3uauur, S E— —
i PU + PV 4 PW =—3 (& + P + ) 0G = — 30G
Taxum obpasom,

TOUKa GO_ cepepuna orpeska EK u Toukn E u K CHMMETPHUHB OTHOCH- PU + PV + PW = 3G0 = A0 + BO + CO
rensHo G.
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3anaya 16
Jlokasatb, 9TO eC/IH MJIOCKHE YIJbl MPH BepIUHHE TEeTPAsApa mpambie,

TO LEHTPOHJ OCHOBAaHHS, UEHTP ONHCaHHON cdepbl H BepIIHHA TeTpasiapa
NpHHAAJ/IEKAT OAHONA NpAMOH.

AOKA3ATENLCTBO
[lycte B Terpasape DABC M — uentpoup ocuoBawus, 0 — LEHTP
onncannoli chepw, DA =a, DB=10, DC=7¢, DO=n, DM =m
(puc. 9.17).

Puc. 917 Puc 9.18

e l.[{)oxameu. 9T0 BEKTOPH /M H N OAWHAKOBO HampasJensl. [To dopmy.e
13)

DM =+ (a+ 5+,
T. . BeKTOp m ¥ @ + b + ¢ opunaxoso nanpasaens. Iockonbky DO* =
= A0* 10 n* = (n —a)* = n* +a* — 2na o
Ho n—-aa-i-ﬂb-l—vc, nostomy n* = n? + a* — 2a (ea + Bb + y0)
YautsiBas, uro ab = ac = 0, umeem

@ —200'=0, a=-.
ARANOrHYHO JOKa3LIBAETCA, UTO
B=y=—g.
Taxkum o6pasom,
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H BEKTODH 71 H /M OIHHAKOBO HANpaBJeHsl, T. €. ToukH D, u M npunasne-
War OJHOH MpAMOft.

3anaua 16

B rpauu ABC npaBunsuoro Terpasapa DABC nana touka M.

Boiuucauts |DM |, ecth MA = x, MB =y, MC =z, DA = a.

Mycrs DO — seicora Terpasapa, O — TOYKA NEPeCeueHHs! MeJHaH OCHO-
Baunna ABC terpasgpa, M — Aaunas touka (puc. 9.18)

HssectHo, aro MO = -%-(m + MB + MC). Torga
|MO* = - (| MA|* +| MB|* +| MC | + 2MA - MB +
+2MA - MC + 2m-m‘)n—ls’—(x'+y‘+z'+x'+y'—-a’+

+yt+2t—a*+ x4 22 —a')
Orcroga

| MO = - (x* + 4 + 2* — a")

H3 npamoyrosnbHoro Tpeyroibiuka DOM

\DM| =V |Dop + | Mop

Tak kak DO = =
pomM a, TO

1271 VA SR . LT Y V0 N PR
3anaua 17 (Ck. IV, 15.231)

B chepy Bnucan rerpasap OABC. Ilpamasn, npoBeieHHas Yepes BepUIHHy

O 1 Touxy mepeceuenus mennan G AABC, nepecekaer chepy B Touke D,
Jloka3satb, 410

'3/6 , KAK BBICOTa MNpaBHJBLHOrO TerpasApa c peb-

0A* + 0B*4- 0C* =30G - OD

[lycts S — nentp chepw paguyca R (puc. 9.19). OGosnaunm depes
rys T3y g re panuyc-sektopsl Touek A, B, C u 0. Torxa §SG=- n+
+ry+ry 0 OA= ry—rq OB —r,—r‘, OC=ry —r,. Orcoma
0A* 4 0B* 4 0C* = (r, — e + (rg —7)* + (rg —r)* = 6R* — 2r, X
X (ry + ry + ) = 6R* —67,SG.
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C  Pucl/9
Ho 8G =7, + 0G, nostomy mnoceznee PaBEHCTBO MPHMET BHA:
0A* 4 OB* + 0C* = 6R* — br, (r, + 0G) = — 6r,
= 30G - 2R - cos » SOG

Ho merpyano sametnts, uro OD == 2R . cos S )
Tenbio, OAY 4 OB* + 0C* = 30G « OD £ S0G u, caenoea
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10. PA3NOXEHME BEKTOPOB

M3BecTHO, 4TO KOrAa AdHA Mapa HEKO/VIHHEADHHX BEKTOPOB X H ¥, 10

a5 Jao6oro BeKTopa M, KOMIVIAHAPHOTO X H Y, CYLIECTBYeT €JHHCTBEH-
Haf napa yxcesa @ u f§, Kotopas yAoBJAeTBOPAET PaBEHCTBY

m = ax + By (1)

3uauuT, Bcerja MOXHO nogodparh YHC/Ia o H f§, KOTOphle YAOBAETBOPA-
10T yenosuio (1)

[ostomy, ecti BeKTOp m = @ -+ b, mpudeM BeKTOpH & H b Koaw-
HeapHbl BEKTOpaM ¥ H ¥, TO a =ax, b = fy.
Orcioaa

*% = ' ﬂ-—.:—:-,

mlnl

3ameTHM, 4TO eC/H J1Ba BEKTOPA a anb (G~ 0) KOJI/IHHeAapHE, TO BMeCTo
paBeHCTBa a = kb uHorAa yao6HO NHCATH @ : D = k. CumBoa a ¢ Fupm{e-

HHE‘ICS!_ TC)._RBKD ,EI._J'IH KBJIJIHHBHPHHX BEK- 4
TopoBa Hbnpu b = 0.

3anaua 1.

B tpeyronshuke ABC Ttouka X
npHHAAIEKHT cropowe BC, npHuem D
BX : XC = m : n. Joka3aTb, 4YTO E

AV n =D m

AX=m+nAB+m+nR

DOKA3ATENLCTBO c ~B

Yepes Touky X nposegeM npambie
napajaienbHsie cropoHaMm AB M AC
tpeyroibiuka ABC (puc. 10.1). [Moay- P
yuy mapannenorpamm ADXE. lflmeeu uc. 0.4

AX = AD + AE u AX = aAB + pAC,
OTKyAa

R ]
AB ' AC

o=
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Mockosky AD = EX, 10 a = 40 _ EX _ CX 2
AB AB CB
m

Ananornun _—_—
of= TR

Hraxk,

o B o
AX = 5 AB+ 2 AT

3anauva 2.
Hoxka3zars, yro B TpeyroabHuke ABC:
1°. Tpu BbICOTHI mepeceKaloTcst B OJHOM Touke.

2°. Ecn H — Touka nepeceyenus Bucot # A, B, C — BeJIHYHHH YTI0B
TpeyroabHuka ABC, 10

{gA-HA+tgB-HB+1tgC-HC =0.
3°. Ecan H, — ocHOBaHHe BBICOTH, NMPOBeJeHHON H3 BepunH A, To
(tgB+tgC)HH, =tg B- HB +tgC - HC.

4ﬁ
HZ, _ cos A
HH, cosBcosC"’
AOKAZATENBLCTBO

Hoxaxem BHauane yreepxaenue 2°, O6uiyio Touky Beicot BH, n CHy
o6osnaunm H (pue. 10.2). Pasnoxum sekrop HA no sekropam HB u HC:

HA = aHB + pHC

CnenaeM napannensunift neperoc BekTopos HB u HC na Bektop HA.

INoayuum nmapannenorpamm AEHD wu
HA = «fiB + pHC = — (AD + AE).
Hrak,

Amnanoruyno
tg C
ﬁ —

T g4
Hmeem
I tg B —
HA—.—W-HB-—

tgC =
- H ()
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tgA- HA=—tgB- HB—tgC - HC;
HAtgA+HBtgB+HCtgC =0,
YTO H HYXHO ObLIIO J0KasaThb B yTBepXJAeHHH 2°,
Jlokaxkem Temeph ¢opmyay 3°. VYuuteBasn, uro H;B1 H,C =

= tg C : ig B u no gopmyze (2.11)

T tg B e F iy tgC ' 7~

HH, = gpwe "B + wprwc HC
HAH

(tgB +tgC)HH, =tgB - HB + tgC - HC (2)

Cpasnuas (1) u (2), Buaum, uto Bexrophl H,H u HA konnuneaphmi, a
9TO 03HauaeT, 4To Bhicota A [, npoxoaur yepes Touky H. Takum obpasom,
JOKa3aHO H yTBepxjenue 1°. .

MMepexomum K dopmyae 4°. U3 konnuneapuoctn sextopos AH u HH,
caenyer, 94To

AH _ tgB+1gC cos A
AHy tgd ~ cosBeosC "

3apaua 3.

B tpeyroasuuke ABC H,, H,,
Hy — ocHoBanus Buicor. Jlokasarsb,
4uTO

a* . AH, + b* - BH, + ¢* - CH, =0
LAOKA3ATENbCTBO
Crenaem napaJ/iebHeA nepeHoc
BextopoB ,B u H,C cootsercTsenHo
Ha BekTophl H,A n HyA. Tlonyuum
napaanenorpamm A EH,D (puc. 10.3)
AH, — «BH, + pCH,
AH, =—(H,D + H,E) = DH, + EH,,

T. € . . —
O DH, _ AE = EH, _ _AD
~ BH, BH, ' CH, CHy

O6o3uauum AH, = hyBH, = hy; CH; = h,.
QOuesnaHo, 4T0 ,
LHAE= ,C, /DAH,= /B
fl’_acmorpum tpeyroabiuk EH,A. On nopoGen Tpeyroasuuky ABC.
orja
AE ﬁ q AE — hlb hyb

] =

a '’ a ' a-hy °
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8Has, uro

hy
b'l
o= — ';i- .
Auasnoruuto
c.
p= ——p

Hrak, AH, = — —f-:;- BH, -——a-,—-CH,

Orciona noayyum

a* - AH,+b* . BH,+¢c*-CHy =0
3anaua 4.

Ecau | — uenrp BnucanHOA B TpeyroqbHHK ABC OKpYXHOCTH, a,
b, c—.u..nuuu cmpon BC, AC, AB, p — nonynepumetp, To ([ ==

- 2;; CA + ?; CB. JlokasaTs.

DOKA3ATENLCTBO

Cnenaem mapasienbhbiii nepesoc sektopos AC u BC na Bexropnt
AT w BI. Tonyuum pom6 CDIE (puc. 10.4). Hmeem

Cl =aCA + BCB;
CI =CD + CE.
Hraxk,
CE_ CD
> W k. 3
" CEID-pous OOosuaunm |CD|=|CE| =
x X
C TOI‘M o= 3! = -l
OGosxauum L, — Touky mnepe-
£ ceyeHHs1 OHCCEKTPHCHI yrJa
Ly CAB co croponoit BC, AE =
= b — x. Torna
J ab
LIC = m '
L,C AC
B A _115_ =2E ' HITH
ab o b
Puc, 10. 4 b+ogx  b—x '

Orciona
. I—
PR 2p °
Hrak,
a

a=— wB=—g,
Cl=—CA+-—CB

Caen,c-rnne. Ecaiw  x — npous-
BOJIbHAA TOYKA, TO

Yf=-9%{aﬂ+b23+cfc).
HefctBHTeN1BHO,
v I VT a a 3 b b

_ 8 Y b TH a+b+c—-a-—b
XT = 5 X4 +2_px3+??)( E )

Puyc. 10.5

a w5 b w7 ¢ wA
=2—p-XA +-$XB+ -EP—XC.
B vacrHoctn, ecan O — uentp onucanol BOKpyr AABC oKpyXHOCTH TO

01 =.2+D(aﬁﬁ+ bOB -+ ¢0C)

3anaua 5.

Iycts X — npousBosibHasi TOYKa BHYTPH Tpeyrosnbhuka ABC, S,,
S;, S; — nJjomagu TpeyroibHHKOB coorBerctBenno XCB, XAC, XAB.
Jloka3athb, 4TO HMEET MECTO PaBEHCTBO

S, XA + S,XB + S,XC =0 (*)
JOKA3SATENLCTBO

Pasaoxum Bektop XA no sekropam XB u XC. [loctpoum BekTOpH
AE u AD, conanpasiennsie BekTopaMm XC u XB (puc. 10.5). Tlonyunm
napaanenorpamy ADXE. Torna XA = XE + XD, XA = —aXB —
— BXC. Urak,

XE XD
G P
O6o3nauuM TouKy nepecevenus npsmux AB u CX. Torza
_ ___g - __g =& (noxaxurel

S
BHAUNT, « = T’ .
d ‘e
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Ananornuto p = —g:- . Urak, $,X4 = — 8,XB — S;XC.
3anaua 6.
Hoxka3sats, uTo B Tpeyronbuuke ABC:

1) OA sin 24 + OB sin 2B + 0Csin2C =0
(O — uenTp omHcaHHOH OKPYMKHOCTH)

2) alA + bIB + ¢IC =0 (I — uenTp BUHCAHHOH OKPYXKHOCTH).

8) tgA-HA 4 tgB-HB +tgC-HC =0 (H— oprolentp octpo-
yroasHoro TpeyroJbhika ABC).

4) MA 4 MB +MC = 0 (M — uentpoun)
AOKA3SATENLCTBO

1) B popmyse (+) monokum X == 0

Hmeem

8,04 + S,0B+ S, - 0C = 0.
Torna

Sy =-y R*sin24; S,= +R'sin2B; S,= - R*sin2C.

0Asin2A + OBsin2B +0Csin2C =0
2) B dopmyae (+) monokum X = /
Torna

SLI_A +S=I_B+SQ.E "—"6

Si=F K= S=F,

8HAYHT, L
alA + bIB + cIC = 0.
3) B dopmyne (+») nonoxum X = H (H — oprouentrp). Toraa
Slm + S’m + Ss-fTC- = ﬁ

Torna
Sy _ AH, _ tgB , S, _ tgC
S, T HB T wgAd' 5, T tgd
Hrak,

tgA-HAtgB. HB+tgC. HC =0.

4) B dopmyJe (s) nonoxum X == M. TlocKoabKy B 9TOM Cayyae S; =
= Sg=8;, 10 MA + MB + MC = 0.
3apaua 7. -

Touku A,, By, C; —opToroHa/ibHbe NPOeKUHH muentpouaa M Tpe-
yronbHuka ABC na cropouw BC, CA, AB. [lokasartb, 4TO

M7, -+ b*MB, + ¢MC =0
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AOKASATENLCTBO

3anumem dopmyay (s) ans caydas X == M aas tpeyronbiuka 4,8,C,
(puc. 10.6).

HMmeeM

Slml + SSJ_M_BI + Ssml == ﬁ
ITycrs .
MA,=m, MB= 1, MCy=n.
Torna
Sy _ nisind4 l.a
Sy  masnB _ m-b "
Ho -mi = %, MOCKONbKY mJomany Tpeyroasuukos AMC, CMB, BMA
paBHE M COOTBETCTBEHHBIE BHICOTH OOpaTHO MPONOPLUHOHAIBHE CTO-
poHaM, Ha KOTOpHE OHH OMYINEHH!. A
a
Hrak, T:=F'—‘;-=—p—.
AHanorHUYHO [1OKaMeM, 4TO
Sy . c? Bf i
- TR

a 39TO 03HA4aeT, UYTO YTBEpKAeHHe
3ajlauyd J0Ka3aHo. c A 8

3anava 8. R , '

B TpeyrosabHHKe — UeHTp
-prucanHoit okpyxuoctH, K, K, pu.c. 0.6

Ky — TOYKH KacaHHsi OKPYXHOCTH CO CTOPOHaMH TpeyronbHHuKa. [loka-
3atTh, 9TO

a_ff—(1+bﬁ(g+cms=ﬁ

NOKA3ATENLCTBO
3anumem dQopmyay (#) npH _.)i =./ AN TPeYroMbHHKA KK Ks.
SJK; + S.’K. + SafKa == 0
Ho

S, = %r‘ sinA (r —panuyc Bn HCAHHON OKPYKHOCTH).

YuuTHBaf, 4TO . 5

. a
sind = —Q-E-
(R — paauyc OMHCAHHHOA OKPYMKHOCTH),
HMeeM

.ﬂiml+%ﬁ('+ ‘:; 1Ky =0.
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Orciona o
alK, + bIK, + cIK, = 0.
3anaua 9.
M3 npoussonbrofi touku X, Haxomsueiics BHYTpH PaBHOCTOPOH-
Hero TpeyroibHHKa ABC, omyuleHs nepnmeHAHKYJspH Ha CTopost BC,

AC, AB rtpeyronbnika. [INWHBI NepNeHAHKYAAPOB a, b, ¢ — COOT-
BeTcTBeHHO. JlokasaTh, uTO

aXA + bXB + ¢XC = 0.

AOKA3ATENLCTBO
OGo3HayuM m — AAHHY CTOPOHB PaBHOCTOPOHHErO TPEYroAbHHKA
ABC. Yuutnisan, 4to 8 Tpeyronsuuxe XBC, XAC wu XAB CTOPOHBI

0 BC, AC, AB pasum, dopmyay ()
3andiueM Tak:

am - w5 bm -5
57— XA+ ——XB +

1 _ S % XC =0, uan
A 1 c aXA + bXB + ¢XC =0.
3anava 10.

1 B rerpasape OABC nnockue
YIIBl  TPeXTPaHHOrO yraa npH
BepwHHe O — npsamble. Touka
e H — ocHoBanWe  mepnemnamKy-
Jsipa, TPOBENEHHOr0 H3 BepllH-
Pue. 10.7 Hel O K nyockoctH rpauu ABC.

Paeg:ogcgrb sextop OH no sekropam OA, OB u OC, ecan OA = a, OB —
= b, OC = o.

PELLIEHME
[Tpumem sepunny O retpasapa OABC 3a obutyio TOUKY BekTopoB OA,

0B, OC, (puc. 10.7) Tax kak Touku H, A, B u C npuraazexar oxxof
IVIOCKOCTH, TO

Of =«0A +BOB + (1 —a.—PB)OC
a=AH=0H—0A u BH —0H + 0B
Yuurusas, uro BC L AH u AC | BH, nonyuaem
(OC — 0B) (o — 1) OA + POB + (1 — & — ) OC) = 0,
(OC —0A) (@0A + (— 1) OB + (1 — o — p) OC) = 0.
[OC’(l—a.—[S)-—ﬁOB‘=0.
0C* (1 — o —B) — @0A* = 0.
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Hs noayueHHoN CcHCTEMB
bc?
@ = @b - 6% + aved !
atch
B=prroatac
a=0A, b =08, c¢= 0C.
OxoHYaTeJbHO,

, TH8

= b2%*0A + a*c?0B - a*h?0C .
OH = ash? ¥+ b2c? + a?ch .

3apaua 11. (Ck. 1V., 15.180)
B tJKp)!)KHO((:Tb snucan Tpeyronbunk ABC. Buccekrpuca yrna ACB
nepeceKaer OKpYKHOCTb B Touke S. Pas/oKHTL BEKTOp CS no sexropam

CA u CB.

PELUEHME

[Tycrh Guccektpuca yraa ACB mepeceKaeT CTOPOHY AB B Touke C,
(puc. 10.8) ITo popmyane (2.11), yuuthiBas, 4T0

AC; _ b
1 =
a 7 b - =__ =CA
CC= 53 b+ 537 @ TRe a=CB, b=CA (1)
Ho tpeyroasunk ACC; nopoGen TpeyroNbHHKY SCB, noatomy
sC b @
@ = CC

Tak Kax BeKTOpH CS u CC, conanpasaens!, T0 (2) MOXHO 3amHCaTh
B BHjJe
C§ = -ﬂi 1 El
cet
Vunteieas ¢opmyay (1),

o ab (a + b) (ba + ab) _(@+bybatad) _ (at+b)b -
€S = L 2@ b0 —c)  (at+b)r—ct Groi—a? +
2|‘Jab + 2ﬂb

(a4 b) a I
tGrom—a O

3anava 12.
Ha pe6pax DA, DB u CD TpeyroabHOH NMHpaMHAb DABC B3s-

v Toukn M, N u K rak, wro DM -% DA, DN = %DB,DK:
= -% DC. Iycts G — uentponp Tpeyroasiuka ABC. B KakoM OTHOLICHHH

naockoete MNK zenur otpesox DG?
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Mycts DA =a, DB =05, DC =¢ (puc. 10.9)
Iposenem niockocts MNK, xoropas nepeceuer mpsmyio DG B Tou-
ke P. fcho, utro DP = aDG

DG =+ (a+5+9).
(popmyana 2.13,)
3uaunr, DP = -g'— (@+0b+0

[MockoabKy TOuKa P NPHHAJVIEKHT maockocTH MNK, 10 Bektop
MP moxHO pasnoxuts no Bexropam MN u MK,

CrejoBaTesIbHO,
DP =DM + MP = -1 + x (DN — DM) +
+y (DK —DM) =3 a+x (45— 52+
+y(%5——; 5)=—;—(l—x—y)5+—;—x5+ T
TpHpaBHsAeM NMO/MyueHHBE Pa3/OKeHHA BeKTopa DP:

= —-— - | =S — -
%a+ —:—b+%c=T(l—x—y)a+%xb+ —g-yc

D

2N

S
Pue 10.8 Puc. 10.9
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Beuzy eIHHCTBEHHOCTH
pasJioxKeHHs TMPOH3BOJLHOrO
BEKTOpa IO TPeM HEKOMIJa-
HapHBIM BEKTOpaM MOJYYHM
CHCTEMY:
lo=1—x—y

mlm -h-lh

I

m]? wlﬁ

Y,
1

OTKyla o = -% Puc. 10.10

9
Hickomoe oTHOWEHHE PABHO —7-.

3anaya 13. (Ck. V, 17.042) :

B rerpasnpe ABCD mennana DD,, rpaun ADB neaurcs toukoft M
B otHowenns DM 1 MD, = 31 7. Pasnoxuts Bekrop CM no BexTo-
pau CA, CB u CD.

) }llinn pas/ioXKeHHs BEKTOpa cm (puc. 10.10) Bocnosmssyemca dopmyion
(2.1

P 7 =5 ' .
C.M=—1-0—CD-|---%-EI51 (1)
Tak xak 2CD, =CA 4+ CB
To opmyary (1) MOKHO 3amucaTh Tak
= 7 =1 3 | =% ., 7% 7T =7 3 =% 3
3anaua 14. (Ck.V, 17.074)
Ha cropone AB napaanenorpamma ABCD B3srta Touka K Tak, uro

AK : KB = 7. Cropora AB B Tpu pasa anuHee cropotnl BC. PasnoxuTs
DK no AB u AD wu naiith orHomenne DK 1 AB, echiu /BAD = 60°,

PEWIEHME
O6o3naunm orpesok BK = m (puc. 10.11). Torna AK = 7m,

AD =5 m—~DK = AK —7D. |
(DK)* = (AD)* + (AK)* — 24D - AK cosa = 49m? 4 St m3 _
-—M%—m’cosa = (505 — 336 cos ¢) - —”-5'—, OTCI0ZA

%ﬁ_ = —r V5056 — 336 cos & =
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1 1
~r )/ 505 —336 . L =

T AK — AD
5) =—7— DK=AK—A
3
=%ZE—A_D
1 C Banaua 15. (Ck. V, 17.057)

Han npaMoyroyibHuiii  Tpeyroab-

ik ABC; ,C =90°, D — ocnopa-

Pur 40, 11 HHE BLICOTH, NMPOBEAHHOH H3 Bepiuy-
Hu TpAMoro yria. Bupasuts sektop CD uepes sexkropn CA u CB.
PELUEHME
3anuiuem TpeGoBaHHe 3aMauH B BHIe (GOPMYJbl pPasAOKEeHHS
CD =aCA -+ pCB
Uepes Touky D nposexem npsiMbie, napannenbkbie xatetam AC u BC.
[Monyunm npamoyroasink CKDE (puc. 10.12)

CD =CE +CK
a = %E_I = cos? B, ananoruyno fi = co0s’A4, anaunr,

=7 _ CBCA- CACH
Ch= ="t oo
3anaqa 16.
B tpeyroasnuke ABC npoBenena 6nccexTprca yria A, mepe-
cekaiomast cropony BC B Touke A,; AB =¢, BC =a, CA = b,

Jlokasatb, uto BexTopu AA, u -:— AB + —; AC xonnuHeapusl,
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AOKA3ATENLCTBO

Bo3bMeM e/IHHHYHbIE BEKTODH €, H 5, COHATpABJAEHHbIE C BEKTOPAMH
AB u AC (puc. 10.13)

[Tockonbky ayw AA, — Guccekrpuca yrna BAC, To mapanieno-
rpaviM pasioxeHus sekropa AA, no nanpasnennsm AB AC ABASIETCS
pomGoM. 3HauHT, CYUIECTBYET TAaKO® YHCJIO &, 4TO AA, - ae, + ag, =
- (% -[—‘:-_g—‘) =2 (% AB +% R). T.e. BekTOps AA, 1 % +
-+ biAC KOJIJIHHEAPHBL.

3anaua 17.

Mycts a = 5m —3n, b=7m—4n, TAe BeKTOPH M H n — He-
KoaAdHHeapHbl. PasjoXuTe BEKTOPH M W N 1O BeKTopam a u b.

PELLIEHME

Ilokaxem, 4T0 BEKTOPH @ W b He Koauuneapsl. [Tpeamonoxum, uro

BEKTOPHI @ w b KonnMHeapHBl. 3HAUHT, CYIIECTBYeT TaKoe HCJIO o, UTO

a =ab,t.e 5m— 3n = Tam — 4an.
B cuny eAHHCTBEHHOCTH Pa3/OXKEeHHS HMeeM

TJa =5
| s
Cucrema HECOBMECTH&. T. e Bel{’l'Opbl a H b — Hexou.nuueapuu.
Bupaaum BEKTOPHI n H m yepe3 BeK’l'OpH a H b
ia=5m-—3n ‘—7a+5b=n
b=Tm—4n —4E+_35 =m
Wrak, m = — 4a+ 3b, n = — Ta + 5b.

LY b

As b

Puc. 10.13 Pur 10.14,

127



3anaua 18. (Ck. V, 17.071) -
Jlan npasuabHb _ natuyronbuuk A;AzAsAAg. Pasnoxuts BeKTop
A, A, no sektopam A,Ag w A A;.
' PELUEHME
AIA’ = AIAH + AEA’ (DKC. 10.14)

[MocKo/MbKY MATHYTONBHHK TPABHAbHE, TO BEKTOpH A;A, H Agd, Co-
HATIPABJIEHb, TpHYEM

A A, = (1+ 2sin o) 4,4,

rae o= 18° a sin1g°= Y51

Urak, 4,4, = (1.-}- _'%i) A4, = __V_E-,:;f_'_ A4,

= BHA4HT,

128

11. ®OPMYNA TAMHIIbTOHA

®opmysna TaMuAbTOHA HMEeT BHJA
OH =04 + 0B + 0OC (11.1)
rieO — UeHTP OKPYXKHOCTH, ONHCaHHON OKoJo TpeyroabHuka ABC, H —

TOYKa TNepeceventsl BbICOT TPEYroibHHKA (OPTOLEHTP).
JokaxeM ¢hopMyay pa3HBIMH CNOcOGaMH.

[Tepéniit cnocob
OH =0A + AH (puc. 11.1)
Tockonsky AH = 20M, (noxaxmutel), a 20M, = OB + OC, OH =
= 0A + 0B + OC
Bmopoti cnocob

DH = 0A + AH. Jloxkaxewm, uTo AH = OB —i—_-_O_C
Jlst 3T0ro pasnoxkum sektop AH no sekropam OB u OC.

AH = «0B + pOC ' (1)

Cnenaem napannenbusii nepesoc Bektopos OB u OC Ha Bektop OA
(puc. 11.2). Iposens HE |OC w HD | 0B, mnoanyuam pom6 AEHD:

AH = AE + AD
Moxaxewm, yto AE — OB. Ilycts nmaronasu pom6a mepecexaiorcs
8 touke N. [Tockoibky SANE = 90° u yNAE = #M,0B u OM,=
= AN (M, — cepeanna croponsi BC), 1o Tpeyronbhukn ANE n OM_IB
paBHB!, 3HAYHT, AE = OB. Ananoruuno nokaswBaercs, uro AD = OC.
Urak, AH = OB + OC, oxoHYaTeALHO

OH-= 0A + OB + OC.
Tpemuil cnocob
|0B+0C|=V (0B +0C) = VREF R: + 2R%cos 24 =
=V IR*(1 F cos 24) = 2R | cos A| = | AH |

(Bocrionb3oBamuch popmyiol | AH | = 2R |cos A|).
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A
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¢ B 4
c M
Puc.11 1 Pue. 4.2
Wrak, |OB + OC|= |AH|. Ho cymma OB + OC ects Bextop
20M,, koanuueapuuit W conanpasJexusiii ¢ AH, nosromy
OB + 0OC = AH.
MocKoabKy ?lj OH —0A, 10 0B+ 0C=0H —0A,  suaunr,
0B 4 0OC + 0A =0OH
Hemsepmeiti cnocot
Us ycaosus creayer, 4TO
AH - BC =0,
HJIH S
(OH — 0A) (0C — 0B) = (1)
Mockoasky 0B* = 0C?, 1o
0B* —0C* = 0 uau
(OC + 0B) (0C — 0B) = @)
Briurem pasedctsa (1) u (2) nowrenso:
(0C — 0B) (OH 0A —0B—0C) =0 3)
AHaNIOPHYHO H3 YCJOBHIi:
BH -CA =0, 0C*= 0A:
CJIeyeT paBeHCTBO
(04 —0C) (OH —0A — 0B —0C) = 4)

BekropHsie pasedcTsa (3) u (4) 3anuuwem Tak:
BC (OF — 04 — 0B — OC) =
_ CA (OH —0A — 0B — 0C) =0,
npuaem BC %0, CA 0 |,
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Puc.44.3 Puc. 1.4

Ecau gonyctuts, urc OH — OA — OB — OC %= 0, 1o 3 moayuei-

HBX COOTHOLIEHHH CJIe/lyeT, YTO ITOT BEKTOP MepNeHANKy spen KamaoMy

u3 BektopoB BC u CA, uto HesoamoxHo. [Toatomy OH = 0A + 08B + OC.
ITamottr cnocob

Bocnonbayemcs CBOHCTBOM TOukH D, cummerpuuHOi Touke f{ oTHOCH-
teabHo cepennnst BC (puc. 11.3). [Ipeanaraem nokasaTb CamoCTOSATENb-
HO, 4TO 3TAa TOYKa AHAMETPa/ibHO mpoTHBOmosoxkHa Toyke A. Hrak

HD =HC +HB
HA =HO+0A
[Mockoasky A0 = 0D, To0
H_o—-2-(7+_5)

HO — — (3HO + 04 + 0B + 0C)

orkyaa OH = OA + OB + OC

Janaua 1.

Jloka3aTk, 4TO ecnu

0X =04 4+ 0B 4+ 0C,
rie X — HexoTopas Touka,a O — LEHTP OKPYIKHOCTH, ONHCAHHOA OKOJIO
Tpeyronbinka ABC, 1o X — oprouentp tpeyroasiuka ABC.
AOKA3ATENLCTBO

Hoxawxem, nanpumep, 910 AX { BC (puc. 11.4). flcho, 4o

AX = AO+OX A0+ (0OA+ OB +0C)=0B +0OC n

BC =—0B + 0C o
TlosToMy CKaasipuoe npoussejerue sektopos AX u BC pasHo OC* —
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— OB* = R* — R* =0 (R — pajuyc ONMHCaHHON OKDYMHOCTH), SHa-
uuT, BekTopnl AX u BC — nepnemaxy.nﬂpum

3anaua 2.

OxapakrepH3oBaTh B3aHMHOe pacno.nomeﬂue YeTHIPEX TOYEK A B,
C, D, npuHaj/iexalix ofHOMH OKPYXHOCTH ¢ neHTpom O, ecan

1) 0OA +OB—|- OC+OD 0

2) OD =04 + 0B + OC

3) 0A+ 0B =0C -+ 0D

PELLEHME

1) YuntiBas dopMysny I'amuabToHa H YCJOBHE, HMEEM
0A + 0B +0C 4+ 0D =0H + 0D =0,
OH = —O0D.
CnenoBaTesibHO, TOuKa / npHHALJEXHUT AaHHOi okpy:xuoctH. Ho Toraa
tpeyroibiuK ABC — npsaMoyrosnbHbii, npHuyem Touka D ssaserca aua-
METPaJbHO MPOTHBOMOMOMKHOA BepluxHe MPAMOro Yraa TpeyroibHHKa.
Hrak, touku A, B, C, D obpasyior

A NpAMOYTOVIbHHK,
Wi, 2) Ilycrs D' — Touka, pnamerpa.TsHO
W nporuBonoaokHas Touke D, Toraa
4

0A +0B + OC -- OD* = 0, 7.e. (cm.
eayuai 1) toukn A, B, C, D' sBas-
I0TCA  BepLIHHAMH NPAMOYTOJLHHKA;
toukn A, B, C ABAsAOTCA BepUIHHAMH
NpSAMOYTOJNBLHOrO TPeyroJbHHKA, a TOY-
ka D coBnajaer ¢ BepiIHHOH NpsAMO-
ro yraa.
¢ 3) Ilycts C' w D' — Touku, Iuame-
=} TPalbHO MPOTHBOMOIOMHbLIE COOTBET-
crBedHo Touykam C u D. Torma OA +
W +0B-0C +0D' =0, 1. e. (M
Pue 1.5 cayuaii 1) roukn A4, B, C', D* asasior-
’ Csi BepLIHHAMH NPSIMOYrOJbHMKA, A H3
touek A, B, C, D cosnagatwor qu6o A cCu B c D, au6o A ¢ D u
BcC.
3apnaua 3.
Haun tpeyronsiuk ABC, | — uentp Bnucanuoit okpyxroctu, W,
Wy, W, — ToukH mepeceueHns GHCCeKTpHC ero any'rpenﬂm YINIOB ¢

OMHCAHHON OKPYMXKHOCTBIO, LEHTP KoTopoH — touka O. JlokasaTh, uTo
O = 0W, + 0W, + OW,
AOKA3ATENLCTBO-

JloKaxuTe caMOCTOATENbHO, 4TO TOUKA / — OPTOLEHTP TPeyroabHHKA
W,WW, (puc. 11.5). 3uaunt, no dopmyse I'aMiIbTOHE JAR TPEYroab-

Huka W, W,W,:
b—? = W[ + W’ "I— W’

3anaua 4.

Hoxkasatb, 4to B Tpeyroabhuke ABC uentpoua M, opToueHTp H,
LEHTD OMHCAHHOH OKPYXHOCTH — TOuKa O npunamemm ONTHOA TP SAMO¥
(npsavana OS#inepa), npuuem OM : MH = 1:

BOKA3ATENLCTBO
HssectHo, uro ecan X — mpou3BoAbHas TOYKA NPOCTPAHCTBA, TO
3XM = XA+ XB + XC
Ecau X cosnanaer ¢ Toukoit O, T0
30M = 0A + 0B + 0C
Yuuteisaa ¢opMmyny FaMuabTOHA, HMeeM
30M = OH,

8 310 JOKA3LIBAET YTBEPIIEHNE 3a1atH.

3anaua 5.

« Toykn O u | — ueHTpBl omWcaHHo#t okosno TpeyroabHuka ABC u
mmcaﬂﬂoﬁ B Hero oKpyHocreit, R u r — HX paguychl. JlokasaTb, 4TO
0/*= R?® — 2Rr (popmyaa Diiepa).

AOKA3ATENLCTBO

Msi 1okasanu, uro 07 = OW, + OW, + OW,
Bossesem ofe wacTH paseHCTBA B cxa.ﬂnpuoﬁ Kaaﬂ.pa“r. YUHTBIBasA, 4TO

r=4R sin sin—— sln-i—-

IMoayuim
0/*= (0W, + OW, + OW,)* = 3R’—2R’(cosA 4+ ¢os B 4 cosC) =
—3R’—2R(l+4sm f sin fj)_—_.
=3R*—2R(r 4+ R)= R*—2Rr.
3anaua 6.

B okpyxHocTe ¢ uentpoM O Bnucau TtpeyronbHuk ABC. Ha ok-
pyxHocTH B3ATHI TOYKH L i K Takue, 4To cyMMa KBajpaToB pacCTOSHHA
oT TouKlr L 710 BepluHH TpeyroiibHHKa ABC uMeer HaHMeHblilee 3Haye-
HHE, a 0T TouKH K [0 BeplIHH TPeyroJbHHKa — HanGonbiuee. [lokasats,
yto oprouentp H u Toukn O, L, K npunaanexar ofHo#l npamoii.

AOCKA3ATENLCTBO

[Tycte X — mpou3Bo/ibHas TOYKA OKPYIKHOCTH, OIHCAHHOH OKOJO
Tpeyroasiuka ABC, R — paauyc okpyxHoct (puc. 11.6).
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Myers
S (X) = XA? 4+ XB? 4 XC?
Torzna
S (X) = (X0 -+ OA)* + (X0 + 0B)* +
+ (X0 + 0C)* = 3X0* + 0A* + 0B* +
+ OC? + 2X0 (0A + OB + 0C)
[Npumensnn gopmyay FamHabTOHA, HMEEM
S (X)=6R*+42X0 - OH =
= 6R?* 4+ 2X0 - OH cos ¢
(p = 180° — £ HOX)
OuesujHo, uto S (X) 6Gyaer MHHHMAJLHOM,
T.e. L = X, ecan ¢ = 180° u mMaKkcumanabho, T. . K == X, xkoraa ¢ =
= 0. A 3710 38auuT,uT0 TOukH Q, L, K, H npunagnexar onHo# npsamod.
3apava 7.
JlokasaTh, 4TO TpsiMasi, KOTOPON NPHHALIEHHT UEHTP OnucanHOM
OKOJIO TPEYro/ibHHKAa OKPYXHOCTH W IEHTP BMNHCAHHON B HEro OKPYM-

HOCTE, €cThb npsAMoit Diaepa ‘rpeyronbiuuka K,K,K,;, Bepuinbb KoOTO-
pPOro — TOUKH KaCaHHWs CTOPOH H BMHCAHHON OKPYKHOCTH.
JOKA3ATENLCTBO

Tpeyronbuik K,K,K;  romoretnuen  tpeyroabhnky W,W,W,
(puc. 11.7). O6o3nauum k — KoxfxpHuHeHT roMoTeTHH, H, — opTOueRrTp
tpeyronbuika K K,K,;. Tlockoabky [ — UeHTP OKPYXHOCTH, ONHCaH-
HOH OKOJIO 3TOrO TPeyroJibHHKa, TO M0 dJOpMy.l'IgaMHﬁ_b.’l‘O!{a o

O] =0W, 4 0W, +0W, = k(IK, + 1K, -+ IK,) = kIH ),
Ay

Puc 116

A

W, [

Puc. 117
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BroBb npumensa popmyay I'aMuIbTOHA K BbipaXKeHiio B cKo6Kax, noay-

unm O7 = kTH,, 1. e. Touku O, I, H, npuHasiexar oaHoi npsmof.
3anaua 8.

HUK33aTb, YTO CYyMMa KBajipaTtos paCCTOﬂHHl’I or H]JOHSBOJIbHOﬁ
TOMKH OKpYXHOCTH, ONHCAHHOH OKOJIO npaBuJabHOTO TPpEVroJbHuKa, N0
€ro BepWin He 3aBHCHT OT NMOJOMXKEHHA TOYKH HAa OKPYXKHOCTH.

AOKA3ATENLCTBO
ITyerb X — npon3BoabHasn Touka oKpymHocTH ¢ uentpom O. Toukn
A, B, C — sepuilibl NpaBILIbHOTO TPEYrodbHHKA, BNHCAHHOTO B 3Ty

OKpy#HocTh (phc. 11.6); R — painyc OKpYKHOCTH. YUHTHIBasi peinenne
Sanaun 6, MOAKHO 3amMcath, YTO

S (X) = 6R* 4 2X0 - OH, rae

H — oprouentp tpeyroabuuka ABC. [TockoabKy B paBHOCTOPOH-
nem Tpeyroashiuke OH = 0, 1o S (X) = 6R?, uyT0 NOKa3uiBaeT Y TBEPIK-
AeHue 3ajaumn.

3anaua 9. '

B 1peyronbunke ABC a, b, ¢ — aanibl CTOPOH, npuyeM b >a >
> ¢. B 31or Tpeyroabiik BnMcaHa OKPYMKHOCTb € UEHTpoM [ U OKoJO
TPEYroNbiliKa OfiHcaHa OKpyxHoeTb ¢ uentpom 0. IlokasaTe uto

1) ecan npavas O/ nepnenaukynspua Kk Guccektpuce yraa BAC,
TO CTOPOHbI Tpeyronbhika ABC cocTaasior apuMeTHYeCKyl) npo-
rpeccHio;

2) ecan npavas OM,rae M — nentpond AABC, nepnenanKyaspHa X
Melnate, IpoBeleHH oI yepe3 BepliHHy A, To KBaapaTbl CTOPOH TPEYrob-
HHKa COCTaBJfIOT apiMeTHYECKYI0 MPOrpeccHio.

AOKA3ATENLCTBO

Buccektpuca yrina BAC nepecekaeT onHcaHHYIO OKPYXKHOCTh B TOY-
ke W, (puc. 11.8). Mcnonb3ya ycloBHe 3agaud, MOXHO 3alHCaTh, YTO

Al = IW, u 201 =0W, + OA. YuuruiBas dopmyay ['amuabTona
(11.1), nmeewm:

2(0W, +0W,) = 04 —0W,
MNockoavky |OW, | = |0W,| = |OWs| =R, (R — paguyc onucan-
HOl OKPYMHOCTH), TO
8R? — 8R%*cos A = 2R?* (1 —cos (4 + 2C))
B

25in—;— = sin [’—’;— == C)

_ Orkyna

2sinA =sinB+sinC nan 2a=0b+4¢



A

0

C (5]
W,
Puc # 8 Puc. 119
A
4 Az
F’aa 110 A Puc. 1.1

2) Tak Kkax oOprouentp H npuuannemur npamoit OM, 1o OH - AM =
=0, 30M =0H, AM =0M — 0A (puc. 11.9)

Mo ¢opmyse Tammabrona 3AM = OC + OB — 204, u yuntsisas
YCIOBHE, MOMYTHM:

(0A + 0B +0C)(20A —0B —0C) =0. __ Tlockoneky [OB|=
—|0C| =|0A| =R, 10 20B-0C—0A-0B—0A-0C =0 nu

200524 = c0s2B 4 ¢c0s2C u 2sin* A =sin®B - sin*C, a sHauuT,

2a% = b* 4 ¢
136

3anaua 10, =

Ha niocKOCTH AaHbl TPH BEKTOPA @, @y, dg, PABHLE /M MO MOAYJIO.
Jloka3ath, UTO €C/IH

0<(a,, a) <m,
0 < (ay, @) < m,
0< (a5, @) < =,
TO _ B B
lay + a, +ag| < m.
PELLEEHME

[Toctpoum BekTOpLI 0A,, OA,, OA,, paBHbic COOTBETCTBEHHO a;,

Q,, a3 Touka O cayxur ueHTpoM okpyxuoctd A,4,4; (puc. 11:40)
10T TPEYroJbHHK (COTaacHO YCJI0BHIO) OCTpoyro.anHﬁ, H [03TOMY OpTO-
LeHTp H TpeyroiibHHKA JIEKHT BHYTPH TPeyroJibHHKA, a 3Ha4YHT, H BHYTPH

okpymHocTH, Takum obpasom |O_H[< R = m. Ho no d¢opmyae Ta-
MHILTOHA

0A, + 04,+ 04, =0H
3Hauur,

3apaua 11.

YersipexyronbHuk ABCD Bnucan B okpyxHoctb. [lyers Hy, H,, H,,
H, — oprouentpul Tpeyronbiukos BCD, CDA, DAB, ABC. [lokasats,
uro otpesku AH,, BH,, CHs, DH, nepecekaiorcs B OAHOH TOUKe.

AOKA3ATENLCTBO

[Tyctn, nanpumep, M — cepeauna orpeaka AH, (puc. 11.11), rae

O — LeHTP OKpPYKHOCTH, ONHCAHHOH OKOJIO 4eThpexyrosabHHKa. Toraa,
OM = - (04 + OH,) = - (04 + 0B + OC + 0D).

Jnsa cepeaun Tpex APYrHX OTPe3KOB MOJNYYHM TaKoe e BbipareHue, a-
SHAaYHT, YTBEPMIACHHE 3afayH JOKa3aHo.
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12. NPMUMEHEHME BEKTOPOB QNS HAXOXAEHMSA MHOMECTB
TOYEK

- I8 HaxoXIeHHSA ONpPEeAeJEHHOr0 MHOMKECTBa TOueK Heo6XOonMO
YMETb [0/1L30BaThCs BEKTOPHBIMH COOTHOLUEHHSIMH, KOTOpPBIE paccMar-
puBannch B pasgenax 2 u 8. [NonyueHHoe no xoly peieHHsi BEKTOpPHOE
COOTHOLIEHHE IMO3BOJIAET Pacno3HaTh HCKOMOE MHOXKeCTBO.

3apaua 1

CocTaBHTb BEKTOPHOE YypaBHEHHe MPAMOH, NPOXOAsAUEd dYepes npe
pavube Toukd A B B.

PELUEHME
ITycte X — npou3Bo/iibHas TOYKa NpoCTPaHCTBa, a C — NpOH3BOJbHAR
Touka npamoil AB. YuuteiBas dopmyay (2.7), umeem
XC = (1 —k) XA + kXB

3HauuT, AI8 Kaxaod ToukH C Mbl HMeeM onpeieneHHoe 3HaueHue k, a
ANA KaMAOTO AEHCTBHTENLHOrO YHCAA R HAXOAHM ONPEACNEHHYI TOYKY
C na npamoit AB.

3apava 2

Hauu orpesok AB utouka O He npuHagnexauias npsamoit AB. Haii-
JHTe MHOMeCTBO Toyek M, Ans KOTOPBIX

OM =«0A +B0B, a-+p=1.

a>0, p=>0
PELUEHME
Mo yeaoswio p = | — . YuntuBas, uto OM = aOA + POB, umeem
OM = 0A + (1 — ) OB, uan
OM — OB — «0A — 0B,
BM = aBA, rae (no yc/ioBiio)
I<a<]

3HaunT, HCKOMOE MHOMKECTBO — MHOMKECTBO KOHIIOB BEKTOpa BHJA & - BA
B10 Gyaer oTpesok AB, HCK/IOYan ero KOHL,
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3apaua 3

Jlanbl ABe nepecekawliHecs B
rouke O npamuie OA n OB, Haii-
AHTEe MHOXecTBO Touek M, zad

KOTOpbLIX N\s\\
m = G.O'_A - EDFB,
a-p>0 (puc. 12.1)

PELIEHME
[NpexcraBiaenuas B yCa0BiH
dopmysa OM = aOA + p OB
ecTb (POpMyJsia pasNOKEHH: BEK-

Topa OM no Bekropam OA u OB. Puc 12 4
YuurteiBad, uro @ - f§ > 0 nenaem
BBIBOJ|, UTO HCKOMbIM MHOMKECTBOM Toyek M SBASIOTCA TOUKH BHYTPH
yria AOB W BepTHKaJbHOrO C HHM yrja, nphueM npamsie OA u OB ne
NPHHALIEKAT ITOMY MHOMKECTBY.

3anava 4

Haiiaure MuoxkectBo touek M, 175 KOTOpHIX

OM = 0A + ka
rae O u A — nanHple TOUYKH, a — manublfi HeHy/1eBOfi BEKTOpP, NMpHYEM
1) k20, 2)k>0 8) —I1g<k<], 4) —o<k<<o

PELUEHHE
Ilo ycaosmo

W=5}i+ka, win OM —OA = ka

win AM = ka, 3HAUMT MHOXECTBO ToueK M COBNAJlaéT C MHOMXECTBOM
KOHLIOB BEKTOPOB BHJa ka. A 9T0 3HaUuT, 4TO €CIH

1) k>0, TO HCKOMBIM MHOXKECTBOM GyIeT Jy4, cOHanpaejenufi a
¢ HayajioMm B TOouke A

2) k > 0 oTKpHITHIH JYyY

3) | k| < |, orpesok anuHO#H 2 )

4) —oo << k << oo — npsAmasn, napajieabHas BEKTOPY @ H HPOXOAAMAs
gepe3 T. A.

3anaua 5

Haiigute MuoxecTBo Touek M, A5l KOTOPHX

OM = kOA + OB
rae OA u OB — janHHe HEKONTHHeapHhe BeKTOpH, O — AanHas TOuKa,
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npHyeM :
) (0<kL] 2)lk>o 3) (>0, k=0
<< [0 4) —o<k<oo, [=0

PELLEHME
3ajanHan B YCJIOBHH (hopmyaa

OM = kOA + I0B
MpeiacTas/isier pasjloMeHHe BeKTopa OT/I Mo AByM HEKO/JIHHE€apHBIM BEK-

topam OA 1 OB, no3TOMY HCKOMBIM MHOMXECTBOM Gy/eT:

1) napaasenorpamm, nocrpoennstii na sekropax OA u OB npu 0 <
<< oI

2) yron AOB u Touku BHYTpH Heronpu k>0, [ >0

3)ayu OB npu [ >0u k=10

4) npavasag OA nmpy — o0 < k< o0 u [l =10

3apaua 6

Haiinure muokectso M, masi Kotopsix

OM = kOA + la
rae O u A — naHHble TOYKH, @ — AaunLii Bektop, npuuem —1 <k < 1,

—oo << | << oo (Bektopel @ u OA HeKoATHHEADHDI)
PELUEHME

Ecau pektop OM pasinoxuts no Bektopam OA u @, To MHOXKECTBOM TOYEK
M 6yaer nonoca, rpaHuieii KOTOpPOil SBJAAIOTCH ABe CHMMETPHYHbLIE OT-
HOCHTeJIbHbIE TOUKH O npsimMble, NapajiJeibHble HANPaBJeHHIO AaHHOIO
_ BexTopa (puc, 12.2), npuueM 01Ha H3 HHX COJIEPXKHT TOUKY A.

3apaua 7

Jlaubl otpesok AB u Touka O, ne mpuHapaexamas npsimoii AB.
Haii.nte muoxkecTBo Touek M, 4718 KOTOPHIX

OM = 1 (kOA + (1 — k) OB), (puc. 12.3)
oprueM 0SRS L, I1IK2
PELUEHME -
PaccMoTpHM BBIpaXeHHe
OM =kOA+(1—k) OB (0<k<L])

[Mockoabky &2 + (I — k) = 1, To B 3TOM Cay4ae no sanaq'e_2 HCKOMBIM
MHaoxecTBoM saasiercst orpe3ok AB. Ecau e OM = lt, rpe ¢ = ROA +

+ (1 —k) OB i 1 <1< 2, TO HCKOMBIM MHOXECTBOM OYAET Tpaleuus
AA,B,B B xoropo#h

|OA,|:|0A | = (0B, |:|0B| =2:1.
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Puc.2< Pue_12.3

3anaua 8
Hauwl Tpeyronsiik ABC w Hekoropasi Touka 0. HadAnure MHOXeCTBO
rcex toyexk M, IS KOTOPBIX

OM =0.0A+pOB+y0C, a+B+y=1.
PELLEHME '
Ilpeo6pa3yem 3allaHHOe pPaBEHCTBO
OM = 004 + pOB + OC (1 — o — p)
OM — OC = o. (DA — OC) 4 p (OB —0C), nnu
CM = aCA + fCB
EB%‘ MCKOMBIM MHOXKecTBOM Touek M Oyaer NJOCKOCTE TPeyroNbHHKa

3anaua 9
Haust Toukn A, O u orpesok BC, npHuem Touka A He TPHHALJIEKHT

~ orpesky BC. Haiiaure MHOxeCTBO BceX Touek M, AMA KOTOPHIX

AM =0A + 0D
rae 0 — nannas Touka, a D — moGas Touka orpeska BC. (puc. 12.4)
PELUEHME

[na moGoii Toukn D otpeska BC nepeneceM napan/enbHO BEKTOP

0D B touky A. [Tonyuum Bekrop AD,. BBy TOro, 4T0 HCKOMOE MHO-

MecTBO ToueK M coBmajaer ¢ MHOMKecTBOM Todek D,, H uTO NpH napan-
JeTbHOM TMepeHoce paBHBIE OTPe3KH MepPexoidT B paBHbie, HaXOIHM
otBeT — oTpe3oK B,C,, nonyueHHbli B pe3y/bTaTe MapaijelbHOro mepe-

Hoca orpeska BC na Bektop OA.
' ' | "14)



A
)‘/‘_\H B.
8 NP *
I~
C C D
Pue 12.4 Puc. 2.5

3anaua 10
[lauwt a8a otpeska AB u CD u touka O. Hafiaute MHOXKECTBO BCeX
Toyek M, aaa KoTopmix

OM = 0P +-0Q,
rae P€lABl, Qe lCD)

PELLIEHME
CorsniacHo npeapiaylied 3ajgave, aas Jioboi Toukn X orpeska CD muo-
KeCTBOM HCKOMbIX Touek M sBasietca otpe3ok AB, nepeHecenHbifi Ha
gektop OX. [lpu 3ToM MHOMKeCTBO 06pa3oB ToukH C ; 6yner otpesok A,By

nonyuennsili nepexecennem orpeska AB na exrop OC (puc. 12.5). Yro6u
HAaWTH HCKOMoe MHoKecTBo M, Heob6XxoamMo oT Kaxnoi Touku A,B, or-

noxuTh Bektop CQ. Herpyano BHAeTh, YTO MHOMKECTBOM TOYEK ABJSETCH
MHOXECTBO TOUeK TapaJ/iesorpaMma, BepLIHHAMH KOTOPOro, SIBJSIOTCA

obpassl Touek A u B npu nepenocax sektopos OC u OD.

3agaua 11 (Ck. IV, 15.158)

Haiith mHoxectBo Touek M, I/l KOTOPBLIX

MA® 4+ MB* = 2MC®, rae ABC — npsiMOYroAbHREIN TPeyronbHUK
¢ npambeiM yraom C.

[TockonbKy

TO
2MC? = (MC + CA)* + (MC + CB)*

Orciona 2MC (CA + CB) - + CA

C_ =0. Ecau M, — cepesuna
ranoTenyas, 10 CA? 4 CB* = 4CM;}
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NO3TOMY MOC]eHEe PaBeHCT- c
BO MPHHHMAeT BHA

MC - CM, 4+ CM} =0,
HIH
CM,(MC +CTM,) =0
OkoHyaTenbHO
CM, - MM, =0
Hrak, reoMeTpHyeckoe Mecto M. B
Touek M ectb npamas, npo-
Xonsan uepes cepeanuy M, M
runoteny3sl AB nepneuan-
KyaspHo x meauane CM,. Puc.12.6
3anaua 12 (Ck. 1V, 15.168)
Ilaunt aBe pasanubie Toukn A W B. Haiith mMHOXecTBO Takux Touex
M, uto MA® 4+~ MB* =d?, d=0

PELLEHME
[lycte X — npowussoasHas Touka. Toraa, yuHTHIBAA YCJIOBHE, HMeeM
(XA — XM)? + (XB— XM)? = d?, unu
OXM?® — 9XM (XA + XB) = d* — XA* — XB?,
OTKysa

(m = i;g.f.t.)’ - -% (2d* — (XA — XB)?)

(XM —XM,)* = — (2d* — (XA — XB)Y,

rae M, — cepeansa AB. MMi = —-1— (24 — ABY)
Ecan d* > % AB? 10 HCKOMOE reOMeTpHIECKOe MECTO TOYEK NpeACTaBaseT

c0G0M OKPYXKHOCTD pamlyca—;- Vod —AB* ¢ LEHTPOM B CepejlHHe oTpe3-
Ka AB.

Ecau d® = _il’ AB?, 1O reoMerpuuecKoe MECTO TOYeK — OfHA TO4~
Ka — cepenHHa otpeska AB.

Ecan d?® < -;— AB?, T0 reoMeTpHYeCKOe MEeCTO TO4eK He CYIIEeCTBYET.

3apaua 13
Hafitu mMOXKecTBO TOwexk M, A/NA KOTOPLIX Pa3HOCTH KBajgpaToB pac-
CTOSIHHA JO ABYX Pas/HyHBIX ToYeK A H B mocrosHHa H paBHa A%,
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PELUEHME
IMyers X — nexkotopuil movioc. [lo yesoBHio

MA® — MB® = k2, unu
(XA — XM)* — (XB — XM)* = k2, wu

2(XB— XA)XM = k* — XA* — XB® =const, urak AB - XM =
= const. Pasnoxum aextop XM ua asa cocrapasiomux XX,|| AB
XoM L. AB (puc. 12.7). AB - (XX, + X ,M)=const. AB . XX, =
= const, T. e. To4ka M co-
M OTBETCTByeT Ji06oMy Bex-
Topy X, M, nepnenaukyasp-
Homy AB. '
Hrak, uckomoe reometpive-
CKOe MEeCTO TOYEK Ha TIo-
CKOCTH — npsMas [, nepnex-
JuKyaspras orpesky AB
(puc. 12.7).
Haiiaem touky M, nepe-
8 ceuedusi mpsmoit [ u nps-
Mol AB.
¢ O6o3nauum

‘B!’T‘Ig

Fuc. 12.7 “="Ba

X -

Torza
XMy =aXA+ (1—a) XB
2(XB—XA) XM, = k* — XA* —XB?

[Toncrasassa W., H3 NEPBOTO PaBeHCTBA BO BTOPOE, MONYYHM NOC/IE
npeoGpasoBauuil
2XB* - AB*—
2482

Ecan nosioc BbiGpate B Touke B, TO

AR -8 —— AR L —
a="am » AMy=—5— . AB

3anava 14

Haiith MurOMecTBO TOwek M, mas KOTOPHIX OTHOIICHHE PAaCcCTOSHHA
B0 ZABYX AaHHEIX ToweK A u B mocrosinHo H pasHO k.

PELUEHME
Cornacro ycnosuio sagaum

|MA |:| MB|=h
144- '

[Mycrs X — mpou3BosbHas Toyka. Toraa
(XA —XM)? = k*+ (XB — XM)?, wan
(1 — k®) XM? — 2 (XA — k*XB) XM = k*XB* — XA?, wan
- XA—rXB \* BXB'— XA (XA — K XB)
(XM“ T— k2 J - T—k? T (=&
Ecan k* == 1, TO HCKOMOE reoMeTpHuecKoe MecTo rouek M mpex-

CTaB/1fieT OKpYyXKHOCTh (OHa Ha-

SbIBaeTCsl OKPYXKHOCTbIO Amoalio- Ke1 .

Hus) (puc. 12.8) H
Llentp okpyxHoctH Amnodo-

HHA ONpeze/ifeTcs TakK: m
I -3 iV E _/1
XC= HTme Gk#) 7R B C

Pagnyc 3TOH  OKPYMKHOCTH
onpeaeasercs (opmyJoi

k
3anaua 15. (Ck. IV., 15.169)
Iauwi TpH pasauynbie Toukn A, B u C. HaliTh MHOXKECTBO TaKHX TO-
yek M, uto MA* +~ MB* +- MC* =S rae S> 0
PELLIEHME

Bossmem TOukH M uw M,, orauunbie or A, B, u C.
G — uentpous tpeyronbiuka ABC. Toraa

MC = MG +GC
MA = MG + GA
MB = MG + GB

Yuutmpas, utro GA + GB + GC =0, umeem
MA® + MB?® 4 MC* = 3MG* 4 GC* 4 GA* + GB?
AHaJIOrHYHO
M, A® + M,B*+ M,C* = 3M,G* + GC? + GA* -+ GBS

[Mockoabky mno ycaosuio MA? + MB* 4+ MC* = M,A* + M,B* +
-+ M,C?, 10 MG = M,G v HCKOMBIM MHOMKECTBOM fIBJIAI€TCH OKPYXKHOCTh
C LeHTpoM B TouKe G, painyc KOTOpOii:

TR
MG = ]/ S— (GA +30 GCY
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Bapaua 16 (Ck. IV., 15.166
Hannt npe pasHYHbe TOYKH v B, HafiTH MHOXECTBO TaKHX TOYeK,
M, o MA - MB = k*, rge k — nanHOe 9HCO, OT/IHYHOE OT HYASA.

PELUEHME

Hannoe pasercrsg MA - MB = k* moxno sanucath Tak:
(XA — XM) (XB — XM) =k, rge X — npousBoibHas TOuKa
npocrpancrsa. [Tocaennee paBeHcTBO npeolpasyem
XA .XB— (XA + XB) - XM + XM* = k?*,

Ecan' 3a nomoc npuuats O — cepenuny orpeska AB, u | 0A | o6osna-
wuth R, 10 0A + OB =0 1 OA « OB = —R* Takum 0o6pasoM, AaHHO®
M

a

Puc. 12.9

paBeHcTBO MpuBoAHTCH K BHAY | OM |* = k* + R?. Ortciona caenyer,
970 HCKOMOE MHOXECTBO TOueK mpeacTaBiaser cobofi cdepy paauyca
3apaua 17 (Ck. 1V., 15.167)
Jlannt ape pasanuHble To4kH A H B. HaliTh MHOXeCTBO Takux Touek
M, aro MA?* = I*MB?, k0

PELLIEHME
Ha npamoft AB Bo3bMem ToukH P H Q, (puc. 12.9) npuuem

BQ ' PB
Torna

MQ = AMB_MA_ :

51 MB

D 1
MQ* + MP? =

- (2MA*— 2:MB - MA) (k+ 1)* + (k —1)* 2MA® + 2:MA - MB)
- (ki - ])!
o AMAY (* - 1) — 8k*MA - MB
(k¥—1)3
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Ho
e ko MA 1 = ko=
P==rordd=s=r=arrMAsgorfd=
__ 2k (MB—M4) . pPQ? dAMA® (k* + 1) — 8k*MA . MB
= B—1 ' = (B*—1)1

r. e. MQ* + MP? = PQ?, 3nauut, Touka M TIPHHALIENKHT OKPYXK-
HOCTH C auametpoM PQ, rae P u Q — ToukH, Aensimue orpesok AB »
OTHOILIEHHH R BHEIIHHM H BHYTPEHHHM OOpasoMm.’
3anaua 18. _
[Tycts ABCD — npou3BoJbHBIA nmpaMoyroiibHHK., Hafith MHOXecTBO
Touek M mpocTpaHcTBa, YTOGHI '

1) MA . MC = MB - MD
92) MA® + MC® = MB* + MD?
PELLUEHME

Iokaxewm, uto Aas aioGoi Toukn M npocrpanctea MA « MC =
= MB - MD uw MA?* 4+ MC* = MB* + MD?

[Tyctb O — Touka nepeceyeHus AnaroHaued mpsamoyroabHuka ABCD
(puc. 12.10) INockonbKy B NpsMOYro/ibHHKE AHArOHaJH PaBHBl H TOYKOA
nepeceveHHs AENATCS MOmojiaM, TO

\WiA— TC | = | 7B — MD| 1y

MO = - (MA + MC) = - (MB + MD) @y
M3 coorHowennsa (2) nmeem

MA + MC = MB 4 MD 3)
BossejeM B CKa/nspHBIA KBajapat JeBble H npasbie gacTH paBeHcts (1) W

@

M
a ¢
0
A D
Puc 1240 Puc.42 #
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TMonyuum
MA* —2MA - MC + MC* = MB* —2MB - MD + MD*  (4)
MA® + 2MA - MC 4 MC* = MB* + 2MB - MD - MD*  (5)
Beiuntan H ckJajbiBan paseHcTBa (4) H (5) nmeem:
MA - MC = MB - MD
MA?* + MC* = MB? + MD?
3anaua 19.

Hau tpeyronbuuk ABC. Hafith MHOKECTBO TOYeK mpocrpancTa X
takux, yro XA* 4+ XB® = 2X(C*

[Tyctb O — ueHTp OKPYMKHOCTH, OMHCAHHOA OKOJO TPeyroJbHHKa
ABC (puc. 12.11). PaBeHcTBo, JaHHOe B YCJIOBHH, 3aMHIUEM TaK:

(0A —0X)* + (0B — 0X)* = 2(0C — 0X)*
HAH
—40X - OC + 20X - 0OA + 20X - OB = 0A? + 0B* —20C*
Orciona OX - (0A + 0B — 20C) = 0
Yuntoisan ¢opmyay lamuastona (11.1) m cooTHoweHHs 30M = OH,
nonyuum 30X (OM—OC) = 0. 3nauur, 0X - CM = 0, nam OX L CM,
rae M, — cepeanHa otpeska AB. Hrak, HCKOMOE MHOXECTBO ecTh n.noc-
KOCTb, MepneHiHKyAsipHas K MelHaHe TPeyroJbHHKa, NMpPOBEJeHHOI H3
sepuinnbl C M npoxopsmas yepes ueHTp O ONHCAHHOA OKOJIO TPeyrofb-
HHKA OKpYXKHOCTH,
3anaua 20

_Jlokaxxute, 4T0 MHOXKECTBO BCeX ToYeK X, Il KOTOPHIX 0X* —2a.
. 0X + M =0, a® >M, rae a — nauustit BekTop, 0 — JaHHasA TOUKa,
ecTh ciepa.

AOKA3ATENLCTBO

Hweem (0X —a)* = a* — M = R?

Ecau a = OP, 10 nonyvaem cpepy PX®=R® ¢ uentpom P pa-
auyca R.

3anaua 21

JlokaxuTe, 4TO MHOMECTBO BCEX TOUEK X, a1a KOTOphX n - OX =
= p, rje n % 0 — paHubI BEeKTOp, p — jaHHoe uucio, O — jam-
HAA TO4YKa, eCTh MJIOCKOCTEH.

AOKA3ATENLCTEO

Mycts n - 0X, = p. Torpa n(0X,—0X) =0, n-XX,=0. Ho
MHOXeCTBO BCeX TaKHX TodekK X, 4TO X X L n, ecTb MIOCKOCTD, npo-
xonsmas vepes X, MepneHAHKYAAPHO n.
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13. ®OPMYNA PAAUYC — BEKTOPA

[Mycts X — npou3BosibHafA TOYKA NPOCTpaHCTBAa. B TpeyroibHHKe
ABC Bo3sbmem Ha cropodax CA u CB cooTBeTcTBeHHO TOUKH B, H A,,
KOTOpbie Je/NAT CTOPOHBI B OTHOLIEHHSAX:

CB,:BjA=p; CA,:AB=q¢g
O6osuauum Y touky nepeceuenns npamuix AA; u BB,. Toraa umeer mec-
TO (opmyJa
pXA + gXB+ XC
XY = Pre+1 L D
[OKA3ATENLCTBO Ar

Paccmorphm BekTopsl CQ # CD, coHa-

npasJ/jeHHble C BEKTODaMH ﬁ H ﬁ, npu-
yem

CY =CQ + CD (puc. 13.1) A 8, ¢
HUs nopoGua tpeyrosmbuukos AY B, u
CQB,, BA,Y u CA,D, nmeen G
CY = pﬂ - q?—B
Tockoavky CY =CX + XY, 10 Puc. 13 1
pYA + qYB =CX + XY
o YA=YX +XA, YB=VX+XB. Tostomy p(YX + XA) +

XY (p+q+ 1) =pXA+¢XB+XC.

Hrak, dopmyaa (13.1) nokasana. [Mokakem npumeHeHue 3Toit GopMyisl.
3apaua 1.
Jlokasats, uTo B TpeyronbHHKe ABC '
1) meamanst AA,, BB;, CC, nepecekaiorcs B OJHOH TOUKe;
2) ecin X — npou3BoibHAas TouKa mpocTpaHcTBa, a M — Touka
nepeceyeHHA MeJHaH, TO

s 1 = . o ;
XM = (XA + XB + XC) (1)
3) MA + MB + MC =0 2)
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AOKA3ATENbCTBO
1) Donyctum, uto Menuant AA, u BB, nepecexaiorcs B Touke M,,
a meanans AA, u CC, B Touke M,. [lna janHoro ciyuas Hafizem sHave-
gl p=CB,:BA=1
g=CA;: A\ B=1
IMoacraBuM 3TH sHauennsi B popmyay (13.1) # yunruBas, uro AC, : C,B =

= |, nosyuHM B XC
ml" = 3+

'Xﬂ_d, _ x,q+x33+x_é

3uaunr, XM, = XM,, T. e. Touku M, u M, coBnazaior.
9) Tlycrs 'Bdopwyae (13.1) ¥ = M. Tlockonbky MA,, MB,, MC,—
orpesku menuad, 1o p =g = 1. Toraa

XM = + (XA + XB + XC)

3) Monoxum 8 ¢opmyne (13.1) X=M=Y. Torza XM=0n"

MA + MB + MC = 0.
3apaua 2.
Iloka3ath, 4to B Tpeyronbhuke ABC
1) BHICOTHI MepecekaioTcst B OAHOA Touke /;

9) HAtgA + HBig B + HCtgC = 0.
' NOKA3ATENLCTEO
1) Iomyerum, uto Bhicotet AA, u BB, nepecekaiorcs B Touke H,,
a nuz:o'gu XA, u CC, B Touke Hj. W3 tpeyronbhnkos ABB, u CBB, nve-
eMi

BB BB,
ted =77 €C=TFc i
W3 tpeyroabunkos BAA, n CAA, sanuuewm, 4T0

Tenepb MOXKHO BBECTH OGO3HAYEHHS:
p=CB,: B A=1tgA:tgC,
g=CA,:AB=tgB:tgC

[Mycts X — nponsBosbHAA Touka mpoctpancrsa. Torza mo ¢opmyse

(13.1) -
& XA XAtgA+XBtg34-XCtgQ
1= RgA+ B+ Qe
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PaccmoTpuym BHICOTHI, KOTOpbie Mepecekaiorcs B Touke H,, W BBejeM Ho-

Bbie 0603HAYEHHA: )
p=BC:C,A=1tgAitgB,
g=BA;1AC=1{gCitgB

Cuuras B popmyse (13.1) ¥ == H,, sanumem:

X, = ﬁtga+7§tgs+m_tg_g_

@A+ tgBr@C
Hrak, XH, =XH, 7. e. Hye=H,=H u
XH = ng:‘l-]—ﬁtgﬂ-}-mtﬂ_ (3)

tgeAFlgBFigC

2) IMyers X == H. Torna XH =0

H dopmyna (3) Gyser umeTb BHA
HAtgA+HBtgB+HCtgC =0

3agaua 3

Ilokasare, yto B Terpasape DABC:

1) otpeskn, KoOTOpHIE COENHHSAIOT BePIUHHBI MHPAMHAN C TOYKAMH
nepeceyeHHs MeJHaH IPOTHBONONOMKHEIX rpaHefl, mepecekaioTcs B OfHON
TouKke M,

2) ecnn X — npoM3BO/IbHAS TOUYKA
MpoCTpaHcTBa, TO

ST P
XM =—+ (X4 + XB + XC + XD)

' (4)

3) Kakjplif H3 OTPE3KOB, KOTOpHE
COGAMHSAIOT BEPIIHHBI TeTpasjpa C Tou-
KaMH [epeceyeHHs MeJHaH NpPOTHBO-
MOJIOXKHBIX rpaHelt, Aeastca Toukoli M
B oTHomweHu# 3: 1, cyHTas or Bep-

LUHHBI;
4) BHINOJHAETCS paBeHCTBO:

MA 4+ MB + MC + MD =0 Puc 13.2

AOKA3ATENLCTBO

1) OGo3naunm TOUKH MepeceveHns MeauaH rpaneft Terpasapa DABC
Kak My, My, Ms, My (puc. 13.2) u ponycrum, uro OTDPEeSKH, KOTO-
phie¢ COGIHHFIOT BEPIIHHM NHPAMHABI ¢ TOYKaMH M,, M,, M,, M,
He [epecekaloTcss B OIHOH Touke.

[Tycrs orpesok DM, n orpesox AM, nepecekaiorcs B Touke Q. Beoaum
oposnavenun: npamas AM, u orpesok BC nepeceKaiorcs B TOUKe Ay
npamas BM, u orpesok AC nepecekaioress B Touke B,. Ilo CBORACTBY
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venuan AA, u DA, sanumewm, uTo
AM,MA=1:2=p,
AM:MD=1:2=q

Tenepp no dopmyne ((3.1) ana mpousBo/ibHOM TOUKH X MpocTpaHcTBa
HMeem

= (XA 4 XB + XC + XD)

OG6Go3HaunM Tenepb TOYKY MNepeceueHus

orpeskoB BM; u .‘DMl kak L. Torna
—  XB, +-——x3+— XD
XL =

R A
dro osHayaer, uto XQ = XL = XM
T. €.

Q=L=M

AnasIornyHo JIOKasbiBaeM, YTO OTPEe30K
CM, nepecekaer orpesok BM,; B Touke
3 M, orpesok DM; u orpesok CM, nepece-
Puc 15. Kalorcsi B Touke M, T. e. orpesku DM,,
BM,, CM,, AM, nepecekaiorcsi B Touke M.
2) Tenepb oueBHAHO, YTO

XM = (XA + XB + XC + XD)

3) Mycts B dopmyne (4) Touka X cosnanaer ¢ M,. Torza
MM = — (M,A + MB + M,C + MD) =

= (M;A + MB + M) + 4 M:D = M,D

WUrak, DM = 3MM, e
4) IMycte X=M. Toraa MA + MB + MC +~ MD = 0.
3anava 4

B rerpasape DABC nsockue yrabl npd Bepmunhe D npsmble.
Hokasarb, 9T0 OTPE30K, KOTOPHIH COeAnHsieT BepinHy D ¢ TOUKOR nepe-
ceueHHs BHCOT ocHoBaHHA ABC,” ecTb BhICOTa NMHPaMHJRL
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AOKA3ATENLCTBO

MMyers B Terpasape DABC (puc. 13.3) Touka H — opToueHTp Tpe-
yronsuuka ABC; a,b, ¢ — anuusiero cropoH. Ilyers B dopmyae (3)
X cosnagaer c D.

Torna
DH - DAtgA+DBtgB+4DCtgC_
A+ w@BrtgC
Ho DA’:-H—_"CS:-Q—_—MCOSA‘
(roxaxmure!)
DB = LB+ _ grcosB (6)

DCS _ al+bl_cl

5 = ab cosC

DF - BC — DH (DC — DB) = tg“tg'“tgc (DC*tg C — DB* tg B).

CornacHo paseHcTBam (5), sanuiuem
DC*tgC — DB*tgB = abcosCtgC —accos BtgB =
= absinC — acsin B = 2Sa5c — 2Sa8c =0
Orciona DH - BC = 0, 3nauwur, orpesok DH nepneHauryaspeH or-
pesky BC.

Ananoruuto fokaxkem, uro DH - AC = 0, 1. e. orpesok DH nep-
neuaukyaspen k orpesky AC. Hrak, npamaa DH nepnemxympﬂa
K TJocKocTH Tpeyroabuuka ABC.

153



14. O6 OQJHOW BEKTOPHOW ®OPMYNE ANS TETPADIPA

Paccmorpum ¢opmyay, ananornunyio dopmy.e (13.1). Pacemorpum
retpasip XABC (puc. 14.1). OGosuauum B Tpeyroabunke ABC Ha E’m-
ponax CA u CB Touxu B, u A, Takue, uto CB, 1 BJA = p, CA, : AB =

X = q. Touky nepeceuenus orpeskos AA, u BB,
o6osHauum Y. Torna

X? = Slom-i—s'—ﬁ-f-sa.,\_’c
5 F5 5,

(14.1)

rae S; — naomans Tpeyroabhuka CY B, S, —
njowanp Tpeyroashuka AY C;

B8 Sy — nuomans Tpeyrosnsuuka AYB.
A / | Hoxaxem dopmyay (14.1)

NP Ha rouex B n C nposesem orpeskn CM
B, A; N 4 BN, xotopsie nepnenaukyaspus npsivoi

c AA,. Tlockonbky Tpeyroabuuku A,N B u

A MC nono6rm, 1O
=CA,:A;B = 3B
Puc 141 1= A= O BN

Tpeyroasuuku AYB u AYC unmeior obutyio
cropoHy AY, nostomMy HX nJIOWAAM OTHOCATCS KaK COOTBETCTBEHHBIE
BBLICOTHI, T. €.

Auanoradso

(ié l;l)o,ncrannan 8HaueHHs p H ¢ B dopmyay (13.1) nonyvaem dopmyay

"-C nomompbio opmyasi (14.1) pemnm sanaum.
3apaua 1.
B rerpasape DABC touka / — ueHTp BnucanHOA cepsl, [Jo— TOYKa
nepeceuedus npamofl DI c¢ nsockoerbio ABC. Ilokasath, 410
f’ s H'Sl‘i-’_ﬂ‘s"“r(—:‘s.
’ SFs+s

164

"BDC; DAC, DBA cOOTBETCTBEHHO.

rae S;, Sy S;— maomanu rpanef

AOKA3ATENBCTBO
Ilo dopmyne (14.1)
) IT, - Sasc=1A - Sc1,8 +
+4+TB - Sarc+1C - Sarg (1)

Hs Touku /, onycTHM nepneHAnKy-
nappt I,K u 1,K, wa rpawn BCD
u ABD rerpasjpa (puc. 14.2). He-
TPYAHO NOKa3aTh, YTO STH MNepreHIH-
KyJsipbl paBHbl. JleAcTBHTE/IbHO, NPAMO-
yroabuuie Tpeyroabuka DIL uDIL,,
rie L u L, — TOYKH KacaHHs BNHCaH- Puc. 4.2

" moit chepst X rpanam DBC u DAB,

paubi. 3uaunt, / KDIy= £ K;DI,. Orciona A DI K= A DI,K,, sna-
unt, [,K = [,K,.

Oﬁoosuaquuomluﬂy KaXJl0ro neprneHfHKyJapa, NpoBeieHHOro H3 TOYKH
I, x rpasu kak [, a Beicory Terpasipa DABC, onymeHHyI0 Ha rpaHb
ABC xax h. Toraa

Voia = —;— Sias-h = % Spas * 1,
Vbi,8c —-é-sr.ac +h= —;‘- Spec - by
Vpasc = —:;- Sasc-h = -é— (Spas + Sacp + Soca) 1.- -
Hs sTux GopMyJ1 NOayuHM!

81,ac = Spac * 'ji_ H
81,84 = Spas —ﬁ‘- i
8i,8c = Spsc - Tf :

Sasc = (Spas + Saco + Socs)» —E-

[loneraBnas sTh coorHouleHHs B (1), mosydnMi

T TA.8,+TB-8+1IC: S,
o= S+ 82+ S,

165



3anaua 2. '
Hoxasarp, 9ro B Terpasape DABC BHINOAHAETCA PaBEHCTBO

m‘sl“-TE'S.'l'TC'S"'I"?ﬁ'S‘ =ﬁ,

rae | — ueHTp BNHCaHHON cepsl;
SI.A %& S5, Sy — nyomanu rpaneit coorsercreenio DBC, DAC, DAB
H .
ROKA3ATENbLCTBO

Ilycts r — paauyc Bnucannoit B terpasap DABC coheps, h — Bh-

coTa TeTpasapa, npoBefieHHas K ocHoBauHio ABC (puc. 14.3)
D Torna
Dly, _ h

T o (1),

rae I, — touka nepeceuenus npsamoin DI
¢ maockocteio A BC.

[Nockoabky r= % (moxkaxkurel),
rRe S=8;+8;+8 +S8, a 3V=
=h .8, 10
ﬂ:;, _ DI;,':;”" -1 ?;: )
CpaBuum Beipaxcerusn (1) u (2). [Nockoms-
Ky Bektopnl /[, u DI conanpasjenb, TO

B

¥ 7 2R Y S
Puc 4.3 T, =Dl 55—
Mockoabky 17, = ’4‘318+_;'_BS-S;_.§T6.3= ,
- E5ES,
B84 TB « Sy-+IC -~ Sk TD <8, =1,

3anaua 3,
_B rerpasape DABC pasnoxuts sexrop DM no sexropam DA, DB
u DC (M — touka nepeceuenns meauan tpeyronsiuka ABC).

PELLUEHME

OGosnauum S, S;, S;, S — naomaan Tpeyronsuukos AMC, BMC,
AMB, ABC. Tlockombky S; = §; = §g = -:’T S,Tomno ¢opmyae (14.1)

DM -S=DA.— S+DB.+S+DC- 8,
OTKYJA

—_— —

DM =~ (DA + DB + DC)

Orkyna

3anaua 4 o o _
Pasnoxuts Bektop DI no sekropam DA, DB w DC (I — uenrp ok-
pyxHocTH, BhucauwHoft B Tpeyroabuuk ABC)

O6oanaunm S;, S;, S, — naomaan Tpeyroavinkos /BC, I1AC, IAB.
Ilycts r — paauyc oKPYXKHOCTH, BhHcanHo#i B Tpeyroabhnk ABC, p —
nosynepumerp tTpeyroibanka ABC,

Mockonbky S, =5+ 4 Sb=%r - b, Sc = —,i,—r'c. TO 1o hop-
myae (14.1)

7 a »A b B% c
DI = DA+ —-Db -2?156‘
3anaua 5,

Pasnoxuts Bektop DO no Bekropam DA, DB, DC(0— uentp
OMHCAHHOH 0KO0J0 TpeyrosbHuka ABC OKpYXHOCTH).

[lockoabky O — ueHTp onHcaHHOA OKOJO TpeyroibHHKa ABC ok-
PYXHOCTH, R — pafiuyc 3T0ii OKPYXKHOCTH, TO NJIOWAAH TPeyroJibHHKOB
AOC, BOC, AOB paBHb COOTBETCTBEHHO

—é— R?® sin 2B; —é—- R?sin 2A; —é- R*sin 2C,

a naowans tpeyronsinka ABC pasna 2R?sin Asin BsinC. Toraa no
dopmyae (14.1)

D_G-2R’sinAsinBsinC=57A-—;-R’sinQA—]-ITEx

X —-R?sin 2B 4 DC - = R? sin2C

— cos A = cos B — cos C s
D= 2sin BsinC DA + 2sinAsinC DB + 2 sin B sin A bc
3apnaua 6. OcroBanune Terpasjpa DABC — paBHOCTOPOHHHH TPEYTo/ib-
HHK ABC, X — npousBo/ibHasi TOYKA BHYTPH 3TOr0 TpeyroJbhuka, § —
ero naomaab; X, X,,,=X3 — paccTosiHHe OT TOUKH X COOTBETCTBEHHO
Z0 CTOpPOH BC, CA, AB TpeyroJbHuKa. JlokasaTtb, 4TO
1) 'D-X- _ f1m+?,ﬁ+?sﬁf
4 ) —— —?1 tx'ﬁ_—I" Y3—= — —
2) v 38 . DX = XiDA + X,DB + X,DC
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AOKA3ATENLCTBO
- 1) Iycre @ — anuHa croponbl Tpeyronbruka ABC. Toraa

1
SBXC = Txl. - a
1 1
Saxc= 5 Xqa, Saxs = 5 X408,

S =%a(x1+x.+'x.)

Takum o6pasom, DX = xlmxj—-:lﬁt:m
2) Iockoabky X; + x5 -+ X4 ~h (h — Bricota Tpeyronbuuka ABC)

e
u h =V 35% To sajmava NokasaHa.
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15. PEWUEHME 3AAY C MOMOLLBIO MOBOPOTA
BEKTOPA HA 90°

BosbMemM HeKOTOpHl BeKTOpP @ B moBepHeM ero Ha 90° npoTHB YacoBoi

crpeskn. Tlomyunm Bexrop b, koTopmiit 06osnauny uyepes ia. MHOXHTeAD
i noxaswipaer JeficTBHe noBOpoOTA.

OGparum BHHMaHHe Ha TaKHe CBOMCTBA NOBOpoTa BexTOpa Ha 90°

D) lia] =]al; _ _

2) i(a+ b) = ia+ ib;

4) i(ia) = —a.

[Tpoanasusupyem aBa THNA 8ajay: Ha MOKA3aTeNbCTBO BEKTOPHHIX
PaBEHCTB H Ha JI0KA3aTe/IbCTBO NEPNeHJAHKY/AAPHOCTH NPAMbIX HIH OTpes-
KOB.

PaccmoTpum 3ajauu mepBoro THna. o

Ilycrb, nanpumep, Tpefyercsi MoKasaTh, YTO JJIf BEKTOPOB X, ¥, 2
H uHcea R, l, m cylecTByer COOTHOLIEHHE,

kx+ ly+ mz =0 (
Haiiziem, ec/in 9T0 BOSMOXHO, TaKHe TPH BekTopa a, b, ¢, npu nosopo-

re Ha 90° Ko/IHHeapHbIe OJHOMY HS BEKTOPOB, JIfi KOTOPOrO cnpasej-
JAHBo paseHcTBo (1).

Hanpumep, BekTOp i@ KoJUIHHeapeH BEKTOpY JE Kpome Toro,
CYULIECTBYET HEKOoTOpas BaBHCHMOCTb, Hanpumep a + b +c¢ = 0. Cne-
IoBaTenbHO, ia = ax, b= py, ic = yz

Ilo ceofictey 1)

PN .
| x| x|
Amnanornuno,
181 _ lel
b= Y= 3

Io ceoficream 2 1 8
ia+t b4 lc=ax+py+yz=0
Ecin o = k, B = [, y = m, 10 paBeHcrso (1) n0oKasaHo.
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3apaua 1.

Hoxka3satb, 4TO B HENPAMOYro/JbHOM Tpeyronbhuke ABC:

1)tgA . AH +tgB - BH +tgC -CH =0, rae A, B, C — yr-
abl Tpeyrosibhika, H — Touka nepeceuenus BhicOT.

2) tgA. AH =ctgC - AB+ctgB - AC

AOKA3ATENLCTBO
1) B rpeyroabunke ABC
AB+BC+CA=10

Mosepuem sektopst AB, BC, CA na 90° (puc. 15.1). Moayunwm
sexTops {AB, iBC, ICA Bextop iBC Ko/iHHeapeH aemopy AH, 3na-
unt, iBC = aAH. Takum
|{BC| _
o | 4H |
=—:——B_§.—| (cBofictBo ).

Ioxaxem, utO —Bﬂ—

| AH |

=tg A
HefictBuTenbHO, 00603HAa-
uyuB yepe3 R paauyc onu-
caﬂuoﬁA g!éono TpeyroJib-
HHKA OKPYKHOCTH,
puc. 45”’ H,, H;, Hy — ocHoBaHus

BLICOT, MNpoBeleHHHXx H3 BepwnH A, B, C, noayuum:

_ AHy,  ACcosA _ 2RsinB-cos A
AH = sin8 = sinB sin B

o6pasom, o =

=2R . cos A

) BC 2R sin A
[Mockonsky BC =2RsinA, 10 g = 22 :ar;al =1g4

CrnenoBare/ibHO

tgA . AH = iBC
Auanornuno iAB = tgC .CH, iAC =tgB - BH. Ilo ceoiictsy (2)
{AB+ iBC 4 iCA=0.
CnejloBaTe/IbHO
tgA-AH 4+ tgB-BH+4+tgC-CH =0

2) Umeem BC = BH -+ HC. [ToBepueM BeKTOPHI BC, BH, HC
ma  90°. [Ilonyunm  BekToph iBC, iBH, iHC, KOJTHH eapHbie
sextopam AH, AC, AB. U3 npemnymen 3ajlaun H3BECTHO, 410 iBC =
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=tg A - AH. Bekrop iBH == ctg B-AC. Ananorwuno, {HC = ctgC - AB.
IMockoabky (BC = (BH + (HC, 10
tg A. AH =ctgC - AB 4 ctg B - AC
3anava 2.

B tpeyrosbHnke ABC Touka [ — UEHTP BNHCAHHOA OKPYXKHO-
cri K,, K,, K3 — TOYKH KacaHusi STOM OKPYMKHOCTH CO CTOPOHaMH,

Tpeyroabuuka. Jlokasate, yto BC - IK; + AC - TK, + AB - IKy =0
AOKA3ATENbCTBO

__Toseprenm sekropw AC, BC, AB AC na (—90°) (puc. 15.2). Bektop
iBC Gyner wkoaauneapex Bektopy /K ,:iBC =alK,. Ortkyaa a=

A

C K, B8
Pur 15.2
_ Il%gl' =$, rje r —pajuyc BNHCAHHOA B TpeyrosbHuk ABC
1

okpyxHoctH. C/e/loBaTe bHO,
iBT = BC -rlf(';

AC -'?TG ., {AB = AB -rH(s

Ananoruuso iAC =
Tenepb BoCMOJNBL30OBABIIHCH paBeHCTBOM (2), moJayquM:
BC-TK,+AC - TK, 4+ AB - TKy; =0

3anava 3.

A, B, C—yram tpeyronbuuka ABC; O — ueHTp oOnHcaHHOH
okpyxHoctd. [Jlokasats, utO

0A'sin2A + 0Bsin2B + 0Csin2C =0
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AOKA3SATENLCTBO

Pacemorpum tpeyroavunxk H,HgHg, rae Hy, H, Hs; — ocHoBaHuN
BHCI?IT ocTpoyrossHoro TpeyrosbHika ABC (puc. 15.3).
MeeMm:

: Hljia‘f' H,Hy + HyH, =0
[NTosepem sTH BexTopnl Ha 90°. TIlockosbky pamuyc OA =

NepIEHAUKY/APER K OTpesKy HyH, (nokaxurel), 1o iH,H,=a0A,
T.e O =%—'—'—. Ho HHy= AHsin A = Rsin2A, 1. e.

o =sin24, iH,H, =sin2A - 0A
Anasiornyno

iH,H, =sin2B - 0B, iH,H, = sin2C - OC
CrenoBarenbHo,

OA -sin24 4+ 0B - sin2B 4 0Csin 2C =0
3anava 4.
Muoroyroabunk A4, ... A, Kacaercsi BNHCAHHON OKPYMXHOCTH B TOY-
Kax K,, K,;, K3, ..., K,. O — 1eHTp OKPYXHOCTH, @, @y, Qg ..., A, —

ILMuHBl cTopoH, Ay, Ay, Ag, ..., A, — BeJHYHHB BHYTPEHHHX YIJIOB.
Joxasats, uTO

1) 8,0K, + a,0K, + a,0Ky + -+ + a,0K,=0; _
2) OA,sinA; 4+ OA,sinA;+ -+ + 04, -sin4, =0

AOKA3ATENBCTBO
1) O6osnaunm A4, =a,, A4, = a,, ..., A, A, =a, (puc. 15.4).
IloBepHeM BeKTOpH a,, @y, ..., G, Ha 90°. Tloayuum BekTopn ia,,
iay, ..., i@,. OTH BeKTOpH KOJMIHHeapHH Bektopam OK,, OK,, ...
vy OK,. Umeem ia, = aOK,, 1. e. @ = o (r — panuyc ox-
__10Ky| r
PY)KHOCTH), C/eNOBATENBHO, [d, ,.ﬁ‘:’i
Ananorauso
@, =2 G, = O
Tak kak
la, 4 lag+ -+ +ia, =0

10
a,0K; + a,0K, + a,0K, + -+ + a,0K, =0.
162 ' :

A2
Ki “\ Ke

" '/ ,\ %
‘- Ks

Kn

Puc /5.3 Puc 154

2) QueBHIHO, YTO OTPe30K KZ(I nepnenaukynnpen orpesky OA;.
Moeeprem Bektopu K K,, ..., K,K, na 90°. Bexrtop (K,K; koaauue-

apHuifi BekTopy OA,, 1. e. iK K, =a0A,

o= %‘Af" =sinA;; I'KHK;-_-SinAl 'ml

C.':enoaé'reabﬂo.
OA, -sinA, + 04, -sind,+ -+ +0A,sind, =0

Paccmorpum Teneps safiaun Broporo THna, OTMETHM, YTO HYXKHO BHI-
6paTh, ecJii 3T0 BO3MOXKHO, TaKHe OTPe3KH a H b, 4TO0bl MOBOPOT BEKTOpa
Ha 90° faBas BOSMOXHOCTD SalHcaTh PaBEHCTBO @ = ib, NpHYEM 10 CBO-
[al
151
310 Jaer BO3MOXHOCTb BOCNOJb30BaThesi cBoficTBamH (1—4), a Tak-
¥e APYTHMH BEKTOPHLIMH COOTHOLUGHHSAMH. :

3apauva 5. '

Jlan paBroGepenHbif npamoyroabHbiit Tpeyroasuuk ABC (£ C = 90°),
Cropoun BC, CA, AB opHeHTHpOBaHH H TNoOJeJeHb TouKaMH A,, B,
C, B pasHbix orHowennsx. [lokasarb, uto orpesk A,B, u CC, nepnex-
AUKYJ/ISAPHBl H pPaBHBI. :

cBy 1) a =

AOKA3ATENLCTBO
Hs puc. 15.5 umeem:
AC; BAI CB] m

© C,B T AC B A ®
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P n =
CC, =755 CA+
m o
¢ + m—}-nc'
Bl AIBI= m:t_nc'_A""-
n ——
+ = BC.
Ho
iCA =CB, iCB = AC,
e . n - A
5 m 7.1
Puc 15§ + i CB =
n - m g n —_ m I N
TO €CTb
EE-C'—1=BI_A1

a 9TO 3HauMT, 4yro orpeskd CC, u A,B, nepneHAHKYJISPHE U PaBHbI.
3anaua 6.
B nuockoern Tpeyronbninka ABC aana touka P. Ot 9tofl ToukH OT-
JoxeHbl BeKTopsl PA,, PB,, PC,, noayyentble COOTBETCTBEHHO H3 BEKTOPOB

BC, CA, AB nosoporom ux na 90°. [lokasars, uro Touka P ecTb TOY-
Ka nepeceueHHs MeiHaH Tpeyroabuuka A,B,C,.

AOKAZATENLCTBO

B tpeyroasuuke ABC BC + CA + AB = 0. [NloBepueM TH BEKTOpPHI

na 90°. Torza mo ycaoBuio
I‘:_BT = m_" {'C'_A = TJ—BI. ‘-ZE — E.l
CrenoBaresibHO
PA,+PB,+PC, =iBC + iCA+ iAB =i (BC +CA + AB) =0

A 370 3HaAyMT, Y4TO TOYKA P €cThb TOYKA NepeceyeHHs MeAHaH TPeyroJb-
nnka A,B,C,

3apaua 7.

Ha croponax AB u BC tpeyroabnuka ABC u3BHe NOCTPOEHbI
kBaapatit ABMN uw BCQP. IlokasaTh, 4TO WeHTPH STHX KBaApaToB
H cepefunb orpeskoB CA u MP o6pasyioT Ksaapar.
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Pue. 15.6

JAOKA3SATENLCTBO
(O6o3HauuM LEHTPbl KBaJpaToB 9_,_ " O_,, CcepeiHHbl OTPE3KOB CA,
MP coorserctBenno uepes Oy u Oy: BC =a, BA = b (puc. 15.6).

HMoxkaxem uto BekTOopsl 0,0, u 0,03 PaBHBI H TepNeHAUKYAAPHBL.
HejicTBuTENBHO,

0103=§63_ 01=T( +B)"‘ Oy,
J— _— = | — 1 —- —
BO, =+ (BC +BP) = (@ + ia) = a ++ ia,
0,0, = 4 a+ +b——a—-ia,

CaejoBareabHo,
.01_09 e ims

AHanornyHo MOXHO JoKasatb, 4to 040, =i 0,0, a 5TO SHAUHT, Y4TO
0,0,0,0, — kBagnpar.

3apnaua 8.

B uermpexyroabuuke ABCD (puc. 15.7) O — touka mnepeceyenus
anarounanei, H,, H,— oproueutps Ttpeyronbaukos BOA u COD.

- Jokasarb, uro orpesok H,H, nepnesaukyaspes ortpesky G,Gy (G, -

H Gy — ToukH nepecevenns mexuan A COB u A DOA).
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3apava 9.

B pasuoGenpennoum tpeyroavanke ABC (AC = CB) nposenena Bricora
CD w nepnenmukynap DE (touka E NpHHALIENKHT cropore BC). Touka
M — cepenuna orpeska DE. Jlokasath, uto oTpeskn AE H# CM nepnes-

JHKYJIAPHH,
ROKA3ATENLCTBO
H3 nonoGus tpeyronsuukos DEC w BDC (puc. 15.8) MO YYHM -gg- -
_ ﬁ =k
cD
ChenoBarensHo,
ED = kiEC, DA = kiDC
IMockonbky
Pue 5.7
AE = AD + DE,
: AOKA3ATENLCTBO .
OSosnauhu £ AOB = LCOD = q. BA =2, CD = 1. AE = kiCD + K TE = ki {CD + CE)
Torna Ho
OH,=AB - ctgg, OH; =CD -ctgg : o
[TocKobKY — (CD +CE) =TM
OH, = iactgg, OHy= —ibctgo u Taxum o6pasom, AE = 2kiCM, . e. otpeskn EA w CM mepnenmuxy-
H,H, = 0H, — OH,, AAPHI.
m — —_—
HB, = factgp+ ibetgp = i(a+ b)cige

Hanee

Dﬁl- '%'(D-B +w)l

G,G, = 0G, —0G, =
= 4 (0A + 0D —0B —

—0C) = - (BA + CD) =

-

-3 @+5),
; ' : 1. e. orpesku HyH, u G0
- Pue. 15.8 . MepHeHAHKY/APHSI,

i ; | - : " 187



16. BEKTOPHO-KOOPAUHATHLIA METO/L

[Mapa B3aHMHO MepHEeHAHKYIAPHLIX SIHHHIHBIX BEKTOPOB f, | 06pa3y-

fOT MPAMOYTOMbHEI 6a3uc Ha maockoeTH. JIns mo6oro BeKTopa a Cyle-
CTBYeT €JHHCTBeHHas Mapa uucesa x, §y TaKHX, 4TO

a= xi +yj
Uncaa x, y Ha3HBAIOT KOOpAHHATAMH BeKTOpa: a = (; y).

JIio6ofi BeKTOp B MPOCTPAHCTBE MOXHO PA3JIOKHTbL MO TpeM AaHHBIM
HEeKOMILIaHAPHLIM BEKTOpaM.

Tpofika B3aHMHO NePNEHIHKYAAPHBIX eHHHIHLIX BEKTOPOB I, [, K 06-

pasyioT npAMoOyroJibHelii 6asuc B mpocrpaHcTee. [lis Jio6oro BekTopa a
cyllecTByeT eJHHCTBeHHAA TPOHKa uucea X, Y, 2, TAKHX 4TO

a= xi+ yj + zk.
I{Hc-'la X, Y, 2 Ha3snlBawOT KOOPHHHaTaMH BeK'I‘Opa:

a=(x y 2
1. UssectHo, uTO ecai BeKTOp a 3axaercs napoii (A4, B)u A (xy; y1; 2)

B (%s; Ya 25), TO BEKTOp a = AB umeet caeayiouue npAMOYroJibHule
KOOpAHHATHI:

Xo— X Ya— Y1 29— & :
2. Koopaunatsl (x; y; 2) cepeauHsl oTpe3Ka ¢ KOHUAMH Ay (Xy; yy; 2,)
A; (%3; Yy 2;) HAXOASATCH MO (popMyaam

__ X+ x _ it Y _Aatnh
x—_‘-—2 y = p) y & )

[lyctb_a(xy; ¥y5 2)); b(xy; Yai 29)

. atb=(xtxy; yotyy 2+2)

4. pa = (pxy; pYy; pz)

5. 12|V 2+ 4 +7

6. EIIHHH‘IHHﬁ BEKTOD €, COHANpPaBJIeHHBI ¢ @, HAXONHTCH 10 hopMyJIe
P

ja|’
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7. CkansipHoe NMPOU3BENECHHE BEKTOPOB

a(xs; Y 21 b(Xg Ya 20)

Bhipaxkaetcs GopMyNIol @ - b = X%, + Yy - Ya + 21 - 2
8. Yroa @ mexay BeKTOpaMmH

ab X1Xe + Yy la + 212e
@15 VA+d+aV A4+ 4

9. Paccrosinue mexay AByMs Toukamn A, (x;; yy; 2) U Ag (Yo Yai 29)
onpejesasercs no popmyne

| ma =V (xs— x)* + (Ya— 4,)* + (3 —2)*

10. ja| =V a
11. Heo6xonumoe H JIOCTaTOUHOE YC/IOBHE NMePNEHIUKY/ISAPHOCTH BeK-
TPOB @ (Xy; Yy 21) W b (Xy; Ya; 23) HMeeT BHA
ab=0 nam X, - X3+ §14s + 2,2, =0 (11)
12. Ypasnenue NJI0CKOCTH, NMpoxoxsulefi gepes Touky M (xy; yy; 2))
W TepneHAHKYyAspHOH BekTopy n = (a: b; ¢) HMeeT BHJ
a(x—x)+b(y—y)+e—2z)=0.

13. Buipasum uepe3 KOOpAMHATHBIE ODPTH [ M | Bektrop AB, ecan
A (xl; yl)l B (x2| y&]

Pacemorpum Bektophl 04 = x,0 + y,j 0B = x,i + Yal
AB = A0 + 0B, uau

A_B=(xn""x1”-+(ys'—yl)? ' (13)

cos ¢ =

3anaua 1.

Haiiiute yroa Mexiay BeKTOPaMH, atbua—b, ectua=(0; —1;2),
b=(2; 1; 2)

PELLEHME

Hafinem KoopAHHATHI BEKTOPOB a+bua—biat+b= (2; 0;_4),
a—b=(—2 —2; 0). OGosuauum yroJ mexAy BEKTOpaMH G-+ b u
a—b xak o. Toraa

2. (=240 (—+4.0
VéitroF6Vara+0 Y1

o. = arccos (-—- 7%:-)

CosSaL =

(=]
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3anava 2
Hazss vexropss 7= (0 —4 9 0 §om (5 — 35 1).
Hafipure anuny Bektopa a = 2p — 4g.
PELLUEHME
2p =(0; —8; 6); 4g= (2 —2; 4);
a=(—2 —6; 2
la|=V (=2 + =6+ 28 =Vad =2Vl
3anaua 3

Halizute BexTop ¢, Ko/IHReapHbifi Bektopy @ = (2; 1; —1) u ya0B/eT-
BOPSIOIIHA YCI0BHIO ¢ - @ == 3 '

PELLUEHME
OGo3naunM KOOPAHHATH BEKTOPA C Yepe3 X, Yy H 2, T. €. ¢ = (* y; ).
M3 yc/10BHS KOMTHHEAPHOCTH BEKTOPOB ¢ H @ C/IeAyeT, 4To

2 =
1

g = =

= |

TaK KaK no ye/0BHIO @ - ¢ = 3,T02¢ + y — 2 = 3
Pewnm nonyuennyio cuctemy ypapHeHui

B sy
. 2. . T =1
2%fy—2z2=3
Baenem HOBYIO mepemennyio £:

%, Y z
T=T==7=t¢t
Torna x = 2t, y = ¢,z = —¢. INoxcraBnsAa x, y u 2 BoO B .
HEHHe CHCTeMB HalijeM f: 4 Topoe ypen

Y A TR Y
| -t
3nauur, _
x=1, gm o 2= — .
3apnaua 4.

Toukn A (1;0;2), B(2 1; 00 u C(1; 2 0) sBasioTcs Tpema mo-
C/Ie0BaTe/IbHEIMH BEPIUHHAMH NapaJiesorpamma. Hafigure 4eTBEPTYI0
€ro BepIUHHY H YroJ MeXAy AHaroHa/asMH,
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, PELLEHME
Tyers KooparHaTs ToukH D 6yayT X; y; 2. Tak Kax ABCD — napanne-

norpavim, 10 BA = CD (puc. 16.1). Hafinem KoopaWHaThl BEKTOPOB BA

n CD. -
BA=(—1; —1;2,CD=(x—1;y—2 1)
Tax kak sekropsl BA u CD pasubi, TO D C
paBHbl HX COOTBETCTBYIONLHE KOOPAHHATHI
x—1l=—1
y—2=—1
o A 8

Orciomax =0,y = 1; 2= 2.
3nauur, koopaunatet D (0; 1; 2)
Haiizem xoopaunatel Bektopos AC n p
DB: AC =(0;2; —2), DB =(2;0; —2) uc 16.1
— = 0.24+2.04(—2)(—2)
cos (AC, DB) = T T E

4 1

Hraxk,

Ll

AC, DB =60°.

3anava 5.(Ck. V, 17.109)

Hafitu BexTop b, KoanmHeapHHifl BekTopy @ = (2 V2 —1; 4),ecau
|b| =10

PELLEHME
Mycts b= pa. Torma b =(2pV2 —p; 4p) u
| 5| =V8p"+ p* + 16p® =5|p|

Ho |B| = 10, nostomy |p| =2, u b= (£4V'2 F2 £8)

3anaua 6 (Cx. 'V, 17.108) o

Jlaunt apa sektopa 04 (—I1; 2) n OB (—4; —2), rae 0 — HayaJo Ko-
opaunat. Haiitn 1auny orpeska AB, nioirans TpeyronbHHKa OAB w pau- -
ny meauansl OM. (puc. 16.2)

PELUEHME .
oy S, v 7 L : .
OM = (04 + 0B) = 5 (—5; 0/=(—25; 0)
|OM| =25

AB=0B—04 =(—3 —4)
|AB| =V + 4 =5, |04|=V5 |0B| =2V8
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0 Mycts @ — yron mexay Bektopamn OA
H OB. Torga
_ _0A.0B = 4—4
OS=TZAr-108] ~ V3.2VE °

ciejoBaresibHo, @ = 90°.

A ‘ M - B8 Spoas= -|2—OA - OB = 5 (k8. en).

3apava 7. (Ck. V, 17.107)
Jlanst BekToph a (3;2; 2) u b (18;—22:—5).
Puc. 16.2 Hafitu BeKkTOp X, eClH OH mepheHiu-
Ky/napeH BekTopam a n b, o6pasyer ¢ ocbio Oy Tynoi yroJa, a ero
AnHHa paBHa 14.

O6o3HauiM KOOPAHHATLI BEKTOPA X KaK X (f;y; 2). YuuThiBas ycJosHe,
HMeeM

342y +22=0
18 — 22y —5z=0
£ g+ 2 = 142
y<<0
Orciopa, x = —4, y = —6, 2z = 12
Urak, x (—4; —6; 12)
3apaua 8. (Ck. V, 17.106)
_ [Maumt sextopui a (2; —1;3);6 (1; —3; 2); ¢ (3; 2; —4). Hatitn Bekrop
X, eciH xa = —5, xb = —Il,x - ¢ = 20.

PELUEHME

[yets % (4, y, ). YuuteiBasi yc/oBHe,

2% —y+32=—5

t—3y +922=—11

3t + 2y —4z= 20
Orcionat =2,y =3;z2=—2

x(2; 3 —2)

Sapaua 9. (Ck. V, 17.104)

Ha naockoctu sanann roukn A (—6; —1); B (—4; —4) C (—I1; —6),
D (—3; —3). dokasarb, 410 ABCD — poM6 H BHIYHC/IHTL €ro IMJIOMmafb.
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AOKA3ATENLCTBO
Haiizem KoopaHHaTLl BEKTOPOB AC uw BD
| AC (5, —5); BD(l; 1)
Haiinem koopaunatsl cepepuunl orpeskos AC u BD1

— 1 —6 —6—1

fH=—ag—=—35 4h=—75—=-—35
Xg = _42_3 =_'3i5| s = _42_3 =—3|5

Cepenunbl AHaroHasei coBnaiaior - o
[Mockobky AC - BD =5—5 =0, o AC L BD B yeThipexyrois-

- Huke ABCD puarosanu nmepecekaioTcs MoJ NPSIMbIM YIVIOM H AEJNATCA IO-

nojiaM. 3HauuT, uerbipexyroabHuk ABCD — pom6.
|AC| =V 2B +25=5V?2, |BD|=V2
=—;-5-V§-V§=5 KB. efl.

3apaua 10. (Ck. V, 17.085) _

Haiitu moayab mpoekunu Bektopa a (7; —4) Ha ocb, MapaijiefbHylO
BekTOpY b (—S8; 6)

PELUEHME
la|=Vi9 - 16=V65
— 56 — 24 8

P =VHmiw . Ve

O6o3HaYHM MO/ TPOEKLUHH BEKTOpa @ Kak | a’ |
|a'|=||alcosq| = -—T%_?-Vﬁ51=8.

3anaua 11, (Ck. V, 17.083) N
Jlausl BepinHel Tpeyroasiuka M (1; 1; 4),

N (1; 4;: 4 u K (3: 3; 2). Jlokasatb, uto ON _L

L MK, rae O — cepenuna cropoust MK . Onpe-

JeqHTb BHA TpeyroibHuKa MNK.

PELLEHME

Hafizem koopaunatet Touku O(x, y, 2) M 0 K
(puec. 16.3)

=L-l:—-§-=2‘ =2' =3
T ER aEs s Puc 16.3
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utak 0(2; 2; 3), ON(—1; 2; 1), MK (2, 2, —9)
ON-MK=—24+4—2=0,

suawut, ON L MK.

. [MockonbKy Meauana NO nepnenaukynspHa cropone MK, o Tpeyrov-
HHK MNK — paBHoGeapeHHBI.

3anaua 12. (Ck. V, 17.080)

~ Jlaun BekTopH a (6; —8; 5 V2 u b (2; —4;V'2). Hafitu yroa, o6-
pasyemuifi BekTopoma — b ¢ ocbio 0Z

PELLEHME
—b=(4; —4; 4V2). Nycms (E—E?O_z) =7
Torna

P (@a—1%70z 4.V2.4¥V2

la—bl-|0Z| ]/4'+4=+(4V§)'-I/4V§

n
- -—V-ﬁ—— c/ieflopaTelIbHo, ¥ = —-

Ilyers Tt=a—0b; 2— e,nnnmuﬂ nex'rop. Hanpasnenuuﬁ BJIOAb OCH

0z. Torza Hckomsift yron y = (¢; 2); ¢ = (4; —4; 4 V' 2); z = (0; 0; 1)
Hmeem:

4.-0—4.044VY3.1 _ Ve

[ -
cosy = B o '
VET ol = Vararavp vizorT 2

t
cJiefloBaTeJbHO, § = R

3anaua 13. (Ck. V 17. 0?8)
Jlatbl BepLIHHE Tpeyro.nbnnxaA (—1; 1); B (—5; 4) C(7; 2). HafiTh cKa-

aspHoe npoussefienue AB - AC W niomans TPeYroNbHHKA.
_ PELUEHME
Hafizem koopaunats pektopos AB u AC
AB(—5—(—1) 4—1)=(—4; 3)
AC & 1)
AB-AC=—4-8+3:-1=—29
Sasc=—AB - AC - sin £ BAC

AB.AC _ _ —2 >
m“mc'_’ |4Bl|ACI VI6+9.V6i+1 5Ve8
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sin ZBAC ]/ i
Sasc =5 +V65.5 - V? = |4 KB. en.

3anava 14. (Ck. V, 17.072)

Ilauni asa BekTopa: a (x; 1; —n b (1; 0; 1). Tlpu xaxkom smavenuu
X cpaBefnHBO paseHcTBo (2 + 3b)* = (@ — 2b)* .

PELLEHME
a+3%=03B+x1;2
_ _a—-2b-=(——2+x.l—0 —3)
Mo ycaoeuio (a -+ 3b)* = (a— 2b)?
HJIH
B+ +12 4B =(x—2 174 30

Orkyna x = 0.

3apava 15. (Ck. V. 17.069)

Bektop OA cocrasaser c ocamu O,, Oy u O, yras, COOTBETCTBEH-

HO paBHBlE @ = “T; p= -’;—; Y= %. TOYKa B HMeeT KOOpAWHATHI
B 2 — 219, .
Haiitn yron mexay sektopamu OA u OB.

PELUEHME

OGosnauum Koopanxatsl Bextopa 04 (x, y, 2). [lyers OX, OV, 0Z —
%nuuumme BEKTOPHI, HANMPABJEHHbe BAOJb COOTBETCTBYIOUHX Ocefi.
oraa
_ _0a.ox _ 1
|0A|-10X| 2 M)

04 - 0Y 1
cosﬁ = oo =7 2

0A . 0Z V2

CSY=a-0z — 2 (3

Hmeem cucremy

=Viatry+a
=VIFFy+2
Viz=Vatg/+a,
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\Ul—.fh T' 23=2,=0 70 x:—-—*.y,=— Hanee: | MN | =

otkyAa x =y =2, 2=2V2. Wrag, 0A=(2; & 2V2), 0B=(—2;
—92; — 2V 3). Ouesnnuo, uro OA Y4 OB u

~BOA ==
3anaua 16. (Ck. V 17.067) 3

Jan Bektop a (1; —2; 5). Ha#ita KOOPAHHATH BEKTOPA b, nexamero B
miockoetd X0y W nepneHAHKyspHOro BeKTopy a, ecu [ b | = 2 V5.
PELLEHME

TMockonbKy BexTop b JexuT B Iockoeth X0Y, 10 b = (x; y; 0).
Bl=VE Ty F0=2V3
a-b=V1-x—2y+5-0=0

orciofa X = +4, y = +2,

3HawHT, b = (+4; +2; 0).

3apnaua 17. (Cx. V, 17.060)
Ilann KoopauHaTh BepwinH mupamuas: S (0; 0; 2), 4 (0; 0; 0), B (1;

0; 0), C(0; I; 0). Haittu xoopaunatl Toukn M, jaexamei na ocu 0Z,
W KOOpAMHATH TOukH N, Jjexauledi B.
5(0'0'2) | l;di:!cuo]c:m’S?]C. €CJIH H3BECTHO, 4TO
(3 3 )
PELLEHME

Mycts Toukn M u N HMeioT KOOpaH-
HaTHl
M (x5 Yy 21); N (xg, ya, 29)

Toraa MN (x, — %1, Y3 — Yy, 23 —
— 2;) (puc. 16.4)
YuuTHIBas yCJOBHE, BHAHM, UTO

Puc 16.4 n=0 y=0 n H—x=-,

=V E=YL, ax=YL weBc; ax L Bo)

M3 nonobusn meyrmwnxon SMN n SAX umeem

MN  SM 4
AX =5z W SM =

3uaunr, AM = 6;4 =%, HJTH Z=—3- Hraxk, M (0; 0; -2-) u
1. -2
N (T' T'! T)o

3apnaua 18 (Ck. V, 17.053)
Jlanwi KoopAMHaTHl BepwHH uethipexyroabiuka A (—I1; 2; 3), B (—I1;

3;1),C(—1;7; 3, D (—I1; 6; 5). Iokasarb, uro ABCD — npsamo-
YrOJbHHK.

DOKA3SATENLCTBO
AB(—=1={(=1) 3—=9, 1=2) ={0; 1y =92
CD(—1—(—1); 6—7; 6—3) = (0; —I; 3)
BC(—1—(—1); 7—3,3—=1)=(0; 4; 2
AD(—1—(—1); 6—2; 5—3) = (0; 4; 2)

Mockonbky AB || CD n BC | AD (koopauHATh BEKTOPOB MPONOPIHO-
Ha/bHbl), 10 Yetbipexyroabiuk ABCD — napannenorpamm. [lockosnbKy
AB - BC=0+4—4 =0, 10 AB | BC, u napannesorpam ABCD —
NpSMOYTOIbHAK

3anauva 19 (Ck. Vv, 17. 051)

Ilanbi BekTopuia (2; —3; 5), [ (—l 1; —3) HC(3 7; 1) Haittu koop-
JIHHaThIBEKTUpap(x y,2),ecamp-a=12, p-b=—6up_Lec.
PELLEHME

Ecau a (% 41 21) M b (%, Yo, 22), 10 @+ b= (xpx9+4;+ 4 +
+2-2)

YuHTBIBasS YCJI0BHE, HMEEM

2x—3y+52=12
—x+Yy=—32=—6
x+Ty+2=0

Pewas cucremy, nonyunm x =2, 4y = —l, z2=1

Orser: p (2; —1; 1)

3apnaua 20 (Ck. V, 17.038)

IMpy kakux 3navenHs x ¥ y BeKTopul (x; —2; 5) u (1; y; —4) Konnnne-
apH&I?

PELUEHME

5 8
OTKyAa X = — - Y = 5 -
3apaua 21 (Ck. V, 12.300).
Ha#iTh KocHHyC yria mexay HenepeceKalolHMHCS NHAroHa/IfMH ABYX
CMEXHLIX GOKOBBIX rpaHeii NpaBH/IbHOH TPEyro/ibHOH NPH3Mbl, Y KOTOPOH
GokoBoe peGpo paBHO CTOPOHE OCHOBAHHSA.
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Ilycrs pe6pa AA w AB npusmsi ABCA,B,C, (puc. 16.5) coBnanaior
cocamu Z u Y cucrembl Koopaurar. XOY
Toraa OA, =(0; 0; a), OB (0; a; 0), OC (243 ; 5 0) OC, =

v 2
aV'3 a
=|\-—5—,— @, TAe @ —CTOPOHA OCHOBAHHA MPHIMBL.

C,B =0B—0C, = ( a?;-;—;—-a)

A,C =0C — 04, =-( “;ﬁ P —-a)

—cos(AT CB — _ MC-CB
Tax 1::1{ u::comuﬂ cos@ =cos(A,C, C,B) = TACT- 68T 'éls —
_a3_n3+2' T P l
Vaa'+ +‘/ a'+a, ' 1
3apnaua 22.

Ilokasatb, 4To ecan TpH pe6pa Ky6a, BHIXOASIIHE H3 OJHON BEPLIHHH,
nepecedb MJAOCKOCTbIO, TO B CEYeHHH MO YHYHTCH TPeyroJibHHK, BCe YrJbel KO-
’IDPOI‘O OCTpBIE.

AOKA3SATENLCTBO

[Tyers ky6 AA,BB,CC,DD, nepeceden miockoctsio MNP, kak npeana-
raer ycaosue 3agaun (puc. 16.6). OGosnaunm AM =a, AN =0, AP =

=c¢. Torna MP =¢ —a, MN =% —a Paccmorpum yron a mexay

o

BeKTOpaMH b — aHC — a .
(b—a) (c—a)
15 —2a)c —a
(b-—a)(c—a)_bc_ac—ab+a‘—0 0—-0+4a* > 0. Hraxk,
b—a){c—a>0, caezoBareNbHo, cos @ >0 u @ — ocTphit yroa.
3apnaua 23.
Junaroxanu tte'mpex- | ¥
yroabHuka A BCD nepnenju-
KyasipHe H paBHbl. Ha ero
croponax Aanml ToukH P, Q,
R, S rakwe, uto AP:PB = )
= BQ:QC =CR: RD =
= DS : SA. JlokasaTb nep-
NEHAHKYJASPHOCTE H paBeH-
cTBo otpe3koB PR u QS. A{Q,ﬁl

cosa =

AOKA3ATENLCTBO S
PaccMoTpum npAMOyToJib-
HYI0 CHCTeMy KOOPAHHAT: D(0;d)
AC — ocb aGeumce, DB ?)
ocb opaunar (puc. 16
[Tycth 3ajiaHHbBIe OTHOLIEHHS Puc. 16 7
pasusiores 1 1 A. Jlanee, koopaunata Touek A (a; 0); B (0; b); C (c; 0);
D (0; d)
o A b Ac d
ﬂ . -
Pliys |+x)' R(|+1 ; 1+1)
c . A a . M
Qv THx) S(ET A
S5 2 L1
PR =(—,-J;-,r(c—a), m(d—-b))
——— I .
QB = (3 @—e) T @— b))
Tak xax AC =BD, 10 |a—c¢|=|b—d| YuntnBas 5T0, MOKHO
nposeputb, uto PR =QS n PR - QS 0.
3apaua 24,

B ocHoBanun npsimoli TpeyronbHolt mpusmsl ABC AB,C; JeXuT
pasHoGeapennsii  TpeyroabiHk (AB = BC), BhCOTa KOTOpOro omy-

IeHHas u3 Bepumnk B, pasna V'3 cu Ha pe6pe BB, pacnojoxeHna Tou-
ka P rak, uto yroa A,PC pasen 2 VAP =2V2cmu PC=V5 em
Hafitu o6bem npHaMm,
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ﬂOCTpOI-IM NpAMOYTOJbHYIO CHCTEMY
KOODAMHAT KaK mokasaso Ha puc. 16.8.

OGosnaunm amiHkary Bektopa OP Kak Z,

u anankarty Bektopa 04, —Z,.Ilyctb AC=
T A]Cl =0a

Torna 0B (V'3; - 0) . 04 (0; 0; 0);
04, (0; 0; z,); OC =(0; a; 0); OP =
= (V3 5 zl) Tak xak £ A,PC =

=90°, 1o A,P-PC =0 wm (OP—
— 04,) (0C — 0P) =0, unn

Puc 16.8 B KOOPIHHATHOI (opMme:
V3 5 z,mz,) x (_Vﬁ; 5 —2)=0
3nauur,
o a‘
2—unzy— 3 +3=0 (H

Tak kak A,C =0C —0A4,=(0; 0; —2z,), 10 AC'=a’+2 =
= A,P* 4+ PC* = 13 (no ycJoBuIO), 3HAYMT,

at=12—2 2
Toncraum sripaxkenne (2) B (1), noaydum 428 —4zz, +22—1=0

OTKyla 2z, = "2:"" Ho P_C'-=(~V'T3,%'—21]H|ITC|=VECJG-
== 1
losarenbHo, | PC? =3+ % + % =5 yunthiBas (2) umeeM

124 (13 — 2 4 (23 = 1)2 =20, 2z, =3 (2,>0),
caefoBatesbHo, a* = 13 —9 =4, a = 2 (cm)
AC - BD
Sasc="73 =V3 (cm?), 04, =3 cm

Vnpuauu = OA; - Sasc = 3V§ (CM').

180

17. BEKTOPHI U HEPABEHCTBA

[Mokaxem MpHMEHeHHe BEKTOPOB K JA0Ka3aTe/IbCTBY HEPABEHCTB.
33M&THM. 4YTO HMEIOT MEeCTO BEKTOpHbLIe HepaBeHCTa:

la|—lblI<|a+b|<lal+]|5] )
la-b|<|a|-|bl.

3apava 1
B tpeyronbuuke ABC

cos A - cos B + coscg—g—
Jlokasatb.
DOKA3SATENLCTBO

OGosHauum Ky, Ky, K3 — TOUKH Kacauus BIHCAHHOH OKPYMKHOCTH CTO-
pon BC, AC, AB, I — uentp 3710ii okpvikHocTH. (puc. 17.1) Hmeem

(K, + TKy + TK * =0
Mycrs |IK, | =1. Torpa IK; = 1,TK,-TK, = — cosC

A
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BRIYHCAHB CKAJMAPHBIA KBajpar, NMONYUHM
cos A + coaB+cosC<-§- .

NpHYEM PABEHCTBO HMeeT MeCTO TOTJa H TOABKO TOrAa, Koraa £ A =
3anaua 2. (Ck. V, 17.045)
Ilokasatk, 4to B TpeyroabHike ABC

cos 2A 4 cos 2B -} cos 2C > — —%—
AOKA3ATENLCTBO

[Tycts O — UEHTP OKPYXHOCTH, ONMHCAHHOH OKOJIO TPEYroJbHiKa ABC.

Torxa (puc. 17.12) L
(0OA + OB + 0C)* >0
3apaua 3.

B tpeyroasuuke ABC meanana AM, nepnenuKyaspHa MeHane BM,.

Jloka3saTb, 4TO : .
T<F <2,
rnea = BC, b = AC.
AOKA3ATENLCTBO .
Yuutssas yeaosue (puc. 17.3), nmeem BM, - AM, = 0, 3nauut
(—2b+ a)(— 2a + b) =0,

HJIH o
b6a - b— 2a* — 2b* =0, uan Sabcosa —2a* — 2b0* =0,
HO COS QL == —"'—"'F , 3HauuT, 5c® = g* 4 bl
A
M
c B
A B

Puc. 172 o Puc. 1.3
182

Tak kak c < a + b uc>|a—b|, 1o Tpeyronsurk ABC cymecrnyer,
ecJIH

2
5@ b >l pr [ 468+ 10ab+452>0 (1)
2
B(a— b)* < a®+ b3, (%) —%(%)+l<a @
Hepasenctso (1) ToxjecTsenHo.
Hepasenctso (2) BepHO mpH % < —-:—- <2

Tak kak OA - OB = R%cos2C,
OA - OC = R?cos 2B,
OB - OC = R*cos 24
MMocne sossenenus B ksaapar OA + OB + OC nonyunmi
3R* 4 2R? (cos 24 4 cos 2B + cos 2C) >0

HJTH
cos 24 + cos 2B + ¢0s 2C > — -
3anaua 4.
Jokasarb, 4ro B Tpeyroabuuke ABC
AB?® 4 BC? 4+ CA* << 9R?
rie R — paamyc OKPYMKHOCTH, ONHCaHHOH OKoJo TpeyroiabAHka ABC.
AOKA3ATENBCTBO

AB* 4 BC* 4 CA* = (0B — 0A)* + (OC — 0B)* + (0A — 0C)* =
= 6R* — 2R* (cos 2C + cos 2B + cos 24)
YuurbiBas npeasiAyLULyio 3ajauy,

cos 24 + cos 2B +cos2C>_-.g_
3HAYHT,
AB? + BC?* 4 CA®* < 9R?
3apauya 5. (Ck. V, 17.122)

Ilan tpeyronbiuk ABC; M — Touka mepeceueHHs ero meguad. [Joka- -
3aTh, YTO

OM < - (0A + 0B + 0C),
rae O — npou3BOAbHAS TOYKA MPOCTPAHCTBA.
AOKA3ATENLCTBO
OM = ~- (04 + 0B + 0OC)
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Taxk Kak BeKTOphI 0A, OB, OC ne KOJIIHHeapHbl, TO
|OM | <~ (/04| +|0B| +|0C|)
3anaua 6. (Ck. V, 17.121)

Toukn M u N — cepenunn orpeskos AB u CD. [lokasate, uTO
MN < (AC + BD), MN < - (BC + DA). '

AOKA3ATENLCTBO
BosbMmem npousBosbHylo Touky X (puc. 17.4)

Torna m=—12—-(m+ﬁ).
XN = 4 (XC + XD).

— e—

Buipasum Bektop MN uepes Bektopsl AD u BC

MN = XN — XM =~ (XC + XD — XA —XB) = - (D + BOC) =

Tak Kak laHHbIE OTPE3KH AB uw CD pacnosioXKeHb! MPOH3BOJALHO, TO HMe-
€T MECTo

| MN | < (| AD | +| BC))

PaBeHCTBO BOIMOKHO JHILb B TOM cayuae, ecan AD 44 BC wan AC #

# BD, 7. e. uernipexyronsuuk ABCD — Tpanenus.
3apaua 7.
Oxkousio npasHabHON TpeyroabHoli nupamuisl SABC onucana chepa c

uneHTpom B TouKe 0. [lokasats, uto yrasi @ = / AOSua = / OAB cBs-
3aHbl HEPABEHCTBOM

cos @ -} cosu}——g—-

NOKA3SATENLCTBO
Hmeem (puc. 17.5)
(OA + 0B + 0C + 08)* >0,
HIH
4R? + 6R*cos ¢ + 6R*cosa >0
(R — paauyc onucaHHoil chepsi), OTKyAa

cos ¢ + cosa;—-g—
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B
Puc. 174 Puc 175

3anaua 8.
Jlokasarb, uro ecau a, b, ¢ — AnuHb peGep TeTpasapa, HMeloWUX o6-
Y0 BePUIHHY, @y, by, ¢, — IVIMHBI TPEX OCTaNbHEIX pebep u R — paanyc

ONHCAHHOH OKOJIO HEro cgepsl,
TO

ai + b+ <
<@+ b+ 2 +4R?
DOKA3ATENLCTBO
Tlyers S =0A + 0B +
4+ 0C — 0D, rae O —ueHtp A
cdepbl, OMUCAHHONR OKOJO TeT-

pasapa DABC (puc. 17.6)
Orcioza

S* = (0A 4+ OB +
+0C —0D): >0 Puc. 176
HOCJIE BO3BeIeHHS B KBajpaT MOJYYHM
4R* +2(0A-0B+0A-0C+0B-0C—0A4-0D—0B-0D —
—0C - OD).
Ho 90A - OB = 2R® — ¢, 904 - OC = 2R* — b},
20A - OD = 2R* —a®, 20B.0C =2R®—adj,
90B - OD = 2R* — b®, 20C — OD = 2R®* — ¢,

Torpa
4R —a] — b — ¢f —a® + b* + ¢* >0,
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HIAH
ai + bi + ¢} < a® + b* + c* + 4R?

3HaK paBeHCTBA mMeeT MecTo B cayuae OD = OA + OB + OC = 300,
rae 36a — mqga nepeceveHHs MeaHan Tpeyroashuka ABC,
naua 9.

Halitu nanGosibliee H HauMeHblee 3Hadenue GyHKIHHA
y=VitaJi-%
PELLIEHME

Paccmotpum Bektopu @ =(1; 2V2) u b (V% V2—x) u myems
(a, b) = . BBuAy TOro, YTO KOOPAMHATH STHX BEKTOPOB HEOTPHLA-

" Te/lbHE, HMeeM

0°<a<90’, 0<cosa<l
Hadnee

1al =V () + 2V =3
15| =V VP +(V2—n =V3

C onHoft cTopokn, y =a- b=V x+4 l/l___g_

C mpyroit cToponsl; y =a-b=|a|-|blcosa<<|a|-|b|=3V2
3HauuT, Ymax =3 V2. Dro 3nauenne y NoctHraer B caydae, Korja
a=kb umn kVx=1, kVI—x =2V3, orciona x = —g- [pu yka-

3aHHBIX OrpaHHYeHHAX a8 «, ueM OGoablme a, TeMm MEHbILLe [f.

Hanﬁomémee 3HAaUeHHE & JOCTHraeT B clyuae, Korja b = (I/ 2, 0), orcio-
Jax=2H

Ymin =Y (2) = V2
Hraxk,
Ymax =y(—'§-) =3V73,
Ymin = Y Vi-
3apaua 10. -

HokasaTb, 4T0 B MPAMOYrOJAbHOM TPEYroJbHHKE C KaTeTaMH @ H b H
THIOTEHY30M ¢ HMEET MECTO CJIeyiomee HepaBeHCTBO

at+b<LcV?2
186 ' :

AOKA3ATENLCTBO
Mycts ¥ = (1; 1),y = (a; b) cornacuo dopmy.e ()

X y<|x| |yl T e

a+b<V2-Var+ b2, uan a+b<V2 0

3apaua 11,
JloKasaTb, 9TO HEpPaBEHCTBO

Va+1+V2a—3+V50—32<12
BBIMOJNIHACTCH MpH BCEX 3HAYEHHAX a, NpH KOTOPRIX ONpeleseHa ero Jiepas
yacthb. (D10 HepaBeHCTBO OBIJIO MPEAIOKEHO Ha pecnyCIHKAHCKOH OJIHMITH-
aje MKOJbHHKOB Y KpauHu B 1984 r.)

AOKA3ATENLCTBO
Paccmorpum Bektopu X(1; 1; D uy (Va+ 1, V2a—3, V 50—3a).
Hs ¢opmyasr (2) caeldyer, uTo
Va+i14+V2a—3+V0—3a<
<V3.-V({@a+1)'—2a—3)* + (50 — 3a)* =12

3apaya 12 (Ck. V, 15.214).
Ianst vetnipe ayua OA, OB, OC u OD. [loka3atsb, 4to

cos , AOB + cos » BOC + cos ,COD - cos L DOA +
+cos / AOC + cos » BOD > —2

Ha Janubix Jydax OT/IONHM eHHHUHEE BEKTODH &y, €, €, &. Ilpeobpa-
80BAB OUEBUJHOE HEPABEHCTBO

(e, +es+e;+e) >0
¢ nomompio dopmyant (a+ b)* =@ +2ab +b* u yurs, ut0 [g| =
= |ey| =|es| =|e€y| =1, monyunm NokaswiBaeMoe HepaBeHCTBO.

3apaua 13
Jlokasate, aTo ecti @ + b + ¢ = &k, 10

Vaa+1+V2o+1+V2+1V6k+9

AOKA3ATENLCTBO
Tak Kak £ -y =|%|- |yjcosg,acos o< L0 [ ¢ || x| ¥
X y|. TTosTomy, eciH AaHbl BEKTOPH X = (X3, ¥y) H Y = (X5, Yy), TO
XY =2x - X + Yy 4, CICLOBATEIBHO,
xlx.+ylya€VXE+U¥-Vx§+¢, (1)
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AHAJIOTHYHO [T TPEXMEPHOrO MPOCTPAHCTBA
XXy + Yylfs + 2,20 << V’x?'i' yf—-zg ng_]_yg'i'zg (2)

OGo3HAUHM KOOPAHHATHI COOTBETCTBYIOUIHX BEKTOPOB X H J CJeAY-
ol HM o0pasom:

CX(WVZa¥1, VZeFI1, VD), g 5 1)
Coraacho dopmyane (2), umeem

VaF1+V+14+V2&+I1<V2+1+20+1+20+ 1%
xV3=V2@+b+o+3-V3=V2%k+3=V6k+9

1
JlokaxeM, 4TO paBeHCTBO JocTHraercs npu @ = b = ¢ = - k leiictsu-

TeNbHO, X - y ~ | x| - | 4|, KOrja BeKTOpb ¥ H § — KONJIHHEApHHI, T. €.
k
a= b,—- = T
3apauva 14.

Kakoe HanGoJibliee H Kakoe HaHMeHblliee 3Ha4YeHHe MOXKeT NMPHHHMAThb
Bepaxcenue 5 sin x — 12 cos x?
PELLUEHME
Mycts a = (5; —12); b = (sin x, cos x) L
Toraa 5 sin x — 12 cos x ecTb CKa/isApHOe MPOH3BeJeHHe BEKTOPOB @ H b:
a-b=>5sinx — 12cos x

YuHTHIBAS HEPaBEHCTBO

la-b|<[al-|bl,
HMeeM o L

(a-bpP<a*—0b*
Jlnsi naHHOTO YCJIOBHA

(5 sin x — 12 cos x)? << 132 (sin® x -} cos® x),
orkyzaa (5 sin x — 12 cos x)? < 13%.
Orcioaa 15 sin x — 12 cos x << 13 nin
—183<<5sinx— 12cos x < 13.

Takum obpa3om, HauGo/bluee SHaueHHe JAHHOrO BhIpaxkenus pasHo 13,
HaumMenbluee (—13).

3anaua 15.

IokasaTb, 4TO AJs Ji060ro 4eTblpexyrojbHHKa CO CTOPOHAMH @y, d,
ag, a; HMeeT MeCTO COOTHOLUEHHEe

a1
af+a§j—a§>—§—a§ i

AOKAIATENLCTBO C

l'ly_c*rb:@ —a,, BC =a, CD = -

=a,, DA = a, (puc. 17.7) B
ITockonbky

a, +a,+ay=—a, 10
@ = (a, + a, + ay)* = a¢ +
+ a+ a5+ 2(-&152‘1'3:&3 +

+ a,a,), oTkyxa

3(al + a3+ @) =ai +

+ @ — 3+ @ — ) + Pue. 177
+ (@ay — ay)*. Ho (a, — a5)* >0,
(a, — ag)? >0, (@, — az)* >0, MOSTOMY
3@ +a+d)y>al n al+a+a>1df-

3ajpaua 16.
Jlokasarb, 4TO

|ma+ nb+c|<V?,
ectHm®* +nt=a b4 =1
BOKA3ATENLCTBO

Bekropsi (m, n, 1) u (a, b, ¢) umeoT NO yCAOBHIO AIHHY, PaBHYIO COOT-
BetctBenHo V' 2 u 1, NO3TOMY HX CKaJsipHoe mpou3seienue ma -+nb +

-~ ¢ TI0 MOAYJIIO He TpeBocXoauT V 2.
3anaua 17
Hasn kakux uncen 3 MHoxkecrsa A = {l; 2; 3} nepapencTBo

2sinxcosysinz —cosxsinycosz<<a
BBIMOJTHAETCS V151 BCeX 3HaYeHHH X, y, 2.

E| 4 I .
Ipy x =z = = 0 seBast wacTh HepaBeHCTBA DAaBHa 2; TOSTOMY

a = | He ABAAETCH pelleHHeM.
PacemoTpim BeKTOpE

a = (2sinxcosy; cos xsiny)
b = (sinz; —cosz)
C 01HO¥#i CTOPOHEIJIEBAsi YaCTh HEPABEHCTBA paBHa @ - b,
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C npyroft cTopomsl,
|a|® = 4sin® x cos® y +cos? x - sin? y <
<4sin*x+4cos'x =sin*x+ 1 <4

anaunt, [a| < 2; (0| =1na -0 2
ChnepnoBarenbHo, YHCaa 2 H 3 ABJAAIOTCA pPelleHHAMH.
3anaua 18.

Touka D npunamiexur cropode BC -rpeyro.nbuuxa ABC. Jlokasars,
uro AD - BC AB - DC + AC - BD

AOKA3SATENLCTBO
Mo ¢opmyne (2.7) «AB + (1 —a) AC = AD

ITocKoabK a—-ic— ™ l—a= .
OCKONLRY &= Jg» = "BC

|AD|=|a-AB+4 (1 — ) AC| <« |AB|+ (1 —a)| AC| =
—-26¢-|AB| + 3% |AC|

Hrak,
AD . BC<DC.AB+ AD . AC
3apaua 19.
Ilokasatb, uto B Tpeyronbuuke ABC

aa; + bb} + eci > abe,

roe a; = XAlbl — XBICI - XC
(X — mpoH3BO/bHAS TOYKA).

AOKA3ATENLCTBO
I'Iy(:'n: I — unuentp. Toraa (crp. 127)

alA + bIB +¢cIC =0

Bepuo u o6paruoe yrsepicaerne. [Tostomy ans npousBoibHOR TOUKH X,

" He coBnagatoueii ¢ /, nmeem

aXA + bXB + cX_E =850,

c/1ef10BaTeNbHO,
$? = (aXA + bXB + cXC)* >0
[Tocne Bo3BeieHHA B KBajpar _
' a%a} + b} + ¢t + ab (af + b —c*) +
+ be (bi + ¢ — a*) + ca (i + ai — b*) >0,
190 ' |

HJIH
aj (a* + ab + ac) + b} (b* + ba + be) +
4+ ¢} (c* 4 ca+ ¢cb) > abc - 2p

Buinonuus cokpamenue Ha 2p, NONYIHM HCKOMOE HepaBEHCTBO. 3uax pa-

BEHCTBA HMEET MECTO TONbKO ANA ueHTpa / BOHCaHHON B TPEYroIbHHK
ABC OKpyXHOCTH.

3apaua 20,
JlokasaTh HepaBeHCTBO

sinxsinysinz 4 cos xcos y cos 2 |
AOKASATENLCTBO
PaccmoTpum BeKTOpHI

a = (sinxsiny, cosxcosy), b= (sinz, cosz).

. Torna

|B] =1, |a| =V sin* xsin® y + cos? x cos® y <
<Vsintx+oosfx=1u|a-b|<|a] |7 <.
Taxum o6pasom,
sinxsinysinz 4 eos xcosyeosz<< 1.



8. O EAMHMUYHbLIX BEKTOPAX

~

PaccvoTpum ABa BHla 3ajay: B NepBOM — eAHHHYHbIE BEKTOPHI 3a/a-
I0TCA B YCJIOBHH 3ajlaud, BO BTOPOM — 3aJauH pelaioTcsi ¢ MOMOLLbIO
eaMHHYHOro BekTopa. X menecoo6pasHo mMpuMeHSThH NPH AOKA3aTe/bCTBe

paBeHCTBa YIJIOB, MepNeHAHKYJ/JAPHOCTH [IpAMbIX, B METPHYECKHX COOTHO-
eHuax.

. Enunuunpie BeKTOPb B YCJIOBHH.

3anaua 1. (Ck. V. 17.092)
bnnnuqnue BeKTOpa ex- e, H € YyAOBJETBOPAIOT YCJIOBHIO e, e, +
+e;=0. Haiiti ¢, - 2, + €, + €5+ ¢, ,.

-

|

[MocKoaLKY e, + e, - e = 0, TO BEKTOPH €;, &, H €3 06pPasyloT Tpe-
YroJbHHK, a TOCKOJbKY MOAY/IH HX PaBHbi, TO TPEYyroJdbHHK PaBHOCTOPOH-
HHH, 3HAUHT, Yroa Mexay AByMs BeKTopamu pased 120°, a

2% ac oy ty o =8 00812002

2
3apaua 2 (Ck.V., 17.096) B

Haiitu e.uunnquuﬁ _BEKTOp, MepreHAHKyspHbI BeKTOpam a=i+
+]+2k Wb=20+j+k

PELUEHME
3anuilemM HCKOMbI BEKTOD C B BHJE
c=ai +pj + vk

To ycnoBHio | ¢ | —-[TI_=_|7|_=IEI =]

Tak kak BeKTOpEl @ ¥ ¢, b ¥ ¢ NEPNEHAHKYJAPHLI, TO HX CKAJAPHbE
NPOH3BEJEHHA PABHbLI HYJIO H

¢ =ai®+4pj2+ 29k =0
- ¢ =20+ Bj* 4+ yk* =0
=P +y=1

a-
b
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Pelaem nosyueHHyIo cHCTeMY ypaBHeHHIL:

o —pk* =0 Y =
3ai? + 2By + 3pk* =0 3a+28+9=0
@+ B+ = 1, o Bty =
| 1
la iVn
v=a
p=—3a = {f=x—= Vll
o? 4+ 9o + a? = | |
| =t
ChesoBaTenbHO,
- |5 3 = I %
e
3ajaua 3

B tpeyronbuike ABC or Kaxaofi BeplIMHBI OT/IONKEHbI MO CTOPOHAM
TPH eNHHHYHBIX BEKTOpA &;, €,, €3. JloKasaTh, 41O

e,sin A +e,sin B+ e,sinC =0
DOKA3ATENLCTBO
a=e|a| =e2Rsin A,

rae R — paguyc OKpy»KHOCTH, ONHCaHHOH OKosO TpeyroabHuka ABC

(puc. 18.1). Auanoruuno, B = e, 2R sin B, ¢ = é; 2R sin C. Tak Kak
a+b+c=0,

10 2R (e, sin A +e,sin B+

-+ e,sinC) = 0,

YTO [JOKa3blBaeT YTBEpMKIeHHe
3a7auH.

3apava 4. (Ck. V, 17.054)

B tpeyroavuuke ABC gaHo
AB = 4i + 2j; AC=3i+4],
rae { ] — eHHHYHLIe B3aHM-
HO TepHeHJHKY/AApHbIE BEeKTO-
pui. lokasath, YTO TPeyroab-
HHK ABC npamoyroibibli M
BbIYHC/HTD €ro [/10LLa/b. Puyc. 18.1
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Buipasim BekTop CB uepes Bex-ropuf j. CB=AB—AC =i—2j.
Bektoph AB, AC u CB B 6asuce 1, j umeloT xoopaunate: AB(4; 2);
AC (3; 4), CB(1; —2).

o AB.AC =20; AC -TB=—5;
AB.CB=4—4=0, 3H3'~IHT‘£ABC 90°.
Mockombky |AB| =V 8 +22 =V 20, |CB|=V I +2=V35, 10

Spasc =5 AB - CB =5 Kb. equnnn

3apaua 5. (Ck. V, 15.237)

Janw 1Ba HEKOJIJIHHeaPHBIX eIHHH YHbIX Bel('ropaa Hb. ,ﬂoxasa'rb 4TO
A/IHHA BEKTOpa (@-¢)b—(b-c)a ne 3aBHCHT OT HANpaBJIEHHA C, €CH
¢ — eIHHHUHLIA BeKTOp, KOMIJIAHAPHBLIf C @ H b.

AOKA3ATENLCTBO

_ Mycrs Bekropht @, b 1 ¢ umeior koopaunatsi a (m; n), b (p; q),
¢ (x; y), _
npuueM x* 4 y* = 1, Tak KaK | ¢ | = 1.

Torna

e=a(b-¢c)—b(a-c) =
= m(px + qy), n(px+ qy) — p (mx + ny), q(mx + ny) =
= (y (mq — np), x(np— mq)),

3!!8'-“‘[1',
le)\ =V (mg—np) +(* +¢") = V(mg —npf* +1=|mg —np| =
=|a-b|=|cos(a, b)| He saBHCHT OT X W y, 3HAYNT yTBepPNKAEHH®

safiaud NOKasaHo.
3apaya 6 (Cx V. 17.077)

Mycts i, |, k — eJlHHHYHbLIe BEKTOPhI, HANpaBJeHHbE BAOJbL KOOPAH-
HATHHIX Ocell, H a = 2£ +,r + 3k, b=of + 4j — 3k. Ilpn rakux 3ua-
YeHHSX o BEKTOpH Q@ H b nepnenn_uxympnu

PELLUEHME
a- b= (2 + ]+ 3ak) (a + 4] — 3ak) =20 — Qak? +4/* =0
Mockoabky |7| =|j| =|%|=1, 10
208 — 9 44 =0
94 VA —32
'l

o ==
oy =) oy =4
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3apasa 7. (Ck. V, 17.068)

Myers £, j H k emMHHUHHE BeKTOPH, HAaNpaBleHHble BJOJb KOOPIH-
HATHBIX ocefl Ha = 6 — 2] — 3k. Hailtn kocuHychl yrfios, o6pasyembix
BEXTOPOM @ C BeKTOpaMH K, i H j.

PELUEHME
B Gasuce 7, ], k BeKTOp a MmeeT KOOpAMHAaTH (B6; —2; — 3).

[i] =[jl=k]=1

@ = VT T =1
cos(E.f)——I-_;T;-:—n—=%
o8 @ ) =31 = T
cos @ B = g ==

3apaua 8.
3anaun Touku A (2; 0), B (0; 3), C (—2; —1). B 1peyrosnbuuke ABC
nposesieM Buicoty BD.

a) Haiitu opt BekTOopa CA.

6) snas opt sektopa CA BHUHCTHTb ATHHY oTpeska CD u HalTH Bek-
rop CD.

B) Haiith BekTop BD.

PELUEHME
a) CA =4i +]
Tycrs e — equauuHb BekTOp (OPT) BeKTOpa CA. Torza
i _CA _ 4i+]
~ | C4] V17
_CB.;_it4-(i+]) 12
9 [l -2 L Gd
ICD|e = @l +])

8) BD = BC +CD = -1 ( — 4J).

3apaua 9.

BekTop r o6pasyer c ocamu Oy, Oy, O, yriast @&, B, 9 COOTBETCTBEHHO.
Kocnuycst stix yriios Ha3bIBAIOTCS HAMPABJAOUIHME KOCHHYCAMH BEKTOPa
r. JloxasaTsb, uto

cos*a + cos?f + cos? p = |
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AOKA3ATENLCTBO

[lyctb Touka A, HMeeT KOODAMHATH Xy, Yy, 2; # OA; = r. Toria
ad i 4
—L =cosa, 2L = cos —L = cos
N .fl ﬂ, mn T

Bass | 7, | = 1, noayunm
r, =icosa 4 jcosf +kcosy

A Boasens B CKaNfApHBIH KBajpat
obe yacTH paBeHCTBa, HailZeM

cos?a 4+ cos? P +cos?y =1

3anaua 10.

HaiiTh eauHnuHbIH  BEKTOP,
KOJIVIHHEapHbIil BEKTOpY, Ha-
NpaBJeHHOMY MO GHCCEKTpHCE
yraa BAC tpeyroabuuka ABC,
ecii  3a]aHbl €ro BepLUHHEI
A(1;1; 1) B(3;0; 1), C(0; 3; 1).

' B8
¢ Q PELIEHME
Haitnem xoopaunatel U Mo-
Puc. 18.2

_ c_ ayan sexropos AB u AC.
Hmveem AB (2; —1; 0), AC (—1; —2; 0)

|AB[=VZ + (=1 +0 =V5,

|AC| =V (=1 +3 +0* =V5,
cJlenioBarenbHO GHCCEKTpHECa AD umeer KOOPAHHATHI (-;—. -,1,—;, 0) H |AT| =
V2
2

. O603HauUHM € — eMHHUHbIA BeKTOp, CoHanpaBJenuuii ¢ AD
(puc. 18.2).

- D =t 1 |
€ = ———, OKOHYaTeNbHO & |——, ——,
DT OronsaTensio &~ -, 0)
Mpumenenne eauHHUHBIX BEKTOPOB
3apaua 11.

Jlanst uetbipe Bektopa OA, OB, OC, OD exunuuHOi AJMHB, Cymma
KOTOPHIX eCTb HYJb-BeKTOp. [loKasaTh, UTO yros Mexuy JioGbiMH ABYMS
BEKTOpDAMH DaBeH Yray MexAy ABYMS OCTA/bHBIMH.

ROKA3ATENLCTBO B

Mo ycaosmo OA + OB+ OC + 0D =0. Toraa (0A 4 0B) =
= (OC + OD). Ecan BekTopbl paBHH, TO MX CKaliipHHE KBaJpaTthi TaK-
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®e pasus, T.e. (04 + 0B) = &,
= (OC + OD)*. Orciona crenyer, Y
uTO

04 - OB = UC - 0D é,
INockoanbKy paccMaTpHBAIOTCS BEK- /
TOpH!  €AHHHYHOH  JIIHHBEI, TO

cos »~ AOB = cos ~ COD wunn K
Z AOB = ,/ COD.
3apava 12
Jlokasatb dopmyay 0
cos (o — p) = cosa cosf +

+sinasinfp Puc. 18.3

AOKA3ATENLCTBO

-"x

[lycth e, — eqMHHYHBIE BEKTOp, KOTOphii oGpa3yer ¢ ocbio OX yroa
B, e; — enMHHUHBIA BeKTOp, KOTOphiii o6pasyer ¢ ocblo OX yron a«

(puc. 18.3), Torza BeKTOpH €, H e, 06pa3yior MeXLy cobbil yrom & — f M
NoTOMY

& - & = cos (& —P) (1)
C ApyToit CTOPOHBI BEKTOD €; HMEeT KOOPAHHATHI COS &, Sin o, a BEKTOp &; —
Koopaunatel cos f, sin . 3uaunr,
e, - e, =cosacosP -+ sinasinp (2)
Cpasuuas (1) n (2), monyuum
cos (o — p) = cosacos fp + sinc sin f

3apaua 13.
Haiitn HauGoubluee 3HaYeHHE CYyMMbI

S =3cosx+4sinx
PELLEHME
BBejieM 11Ba BekTOpa € (cos x; sin x) M a (3; 4); Toraa

S=3cosx+t4sinx=a-e=|a|-|e|cosa, e
[E|=V-3’+4a=5. [e|] =V costa+sin*a =1

S =5cos (E. e), otciona Syaus = 5.
3anava 14
B rtpeyroabunke ABC

cos A -+ cos B -[—coscg%-
Jlokasars.
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AOKA3ATENLCTBO

B
- [lycrs e, €,, & — eguHHYHBIE BeK-
(7 TOPH, KaX[bifl H3 KOTOPHLIX NMPHHAA-
P4 JNeXUT cropone TpeyroabhHka ABC
(puc. 18.4)
§ i Hveem
ley +e|+es|_>0
Toraa
A : - e c
. €3 '

3+ 2 (2185 + 165 + €385) =0
Ho E.I. . E,-=c0.s(lso—B)=-
= —c0s B, 3HauHT,

Puc. 18.4

.cj1eoBaTeJIbHO,

EIE. = — CO0S§ A, E;B, = — COS C’

8 —2(cos A + cos B +cos C) >0
3naunt, cos A 4 cos B +cosC$—-§—

3apava 15
JlokasaTb!
(x+y) (1 —xy) 1
a4+ | 2
JOKA3ATENLCTBO

[TycTh eIHHHUHbE BEKTOPH €, H €3 HMEIOT KOOPJAHHATHII
- 2% . l—gxt - L=
o (s ) a(TEE )
Ovesujno, uT0 | € | = | gy | = 1. ScHo, uro

|a-b|<|al|-|b|, wo
1 1Fl_ o2l —¢+y(1—2Y) (x4 (1 —xp)
lal-1b1= 12— rma+m |~ |2 0+ aFd
OTKYJZla HCTHHHO JAOKashbiBaeMoe HepaBeHCTBO.
3apaua 16 '

IMnockue yrant Tpexrpansoro yriaa a, B, y. Hafith yron mexny Guc-
CeKTPHCAMH JBYX IVIOCKHX YIVIOB.

OriioxuM eAHHHYHBIE BEKTOPHI e,. e,. e Ha pe6pax OA, 0B, OC coor-

sercrsenno. Torna Bektopu U, = e, + €; H U, = ¢, + €; KOJJIHHEApHH
GHCCeKTPHCAM YIJ/IOB AOB n BOC coorsercTBenHo (pHc. 18.5). OGosua-
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YHM Yepes ¢ Yroa MeXay Bek- 0
ropamu U, U, Toraa

SR
Haiinem [e; + ¢|:
|e-1 + Ea' =
=V e +ar= |
=V1+2cosy +1= 8
= VI F ooy = 2cos}

U,

Pue. 18. §

AHaNOTHYHO |e; + €, | = 2cos—§'— , OKOHUATEeJILHO MOJYUIHM

cos ¢ = | 4 cosa - cosfp 4 cos y

¥ o
4 cos 5 cos 3
3apnaua 17. (Ck. V., 17.082)
Jlokasatb, 410 eciu GHCCEKTPHCH ABYX INIOCKHX YIVIOB TPEXrpaHHOro

yria nepneHgHKYJAspHLL, TO GHCCEKTPHCA TPETHEro IMJIOCKOro yria nepres-
OUKYJsipHA KaIofi H3 HHX.

AOKA3ATENLCTBO

[Mycrs pan tpexrpanumit yron SABC. (puc. 18.6). Ha peGpax ero
SB, SA, SC oTI0XHM eIHHHUHHLIE BEKTODHI &y, €;, €5 COOTBETCTBEHHO.
Hanpaanmomne BEKTOPH! GHCCEKTPHC miocknx yriaoB ASB, BSC, CSA
COOTBETCTBEHHO PABHH &; + €,, €, + €3, €3 + €,. COrIacHO yca0BHIO GHC-
CEKTPHCHI JIBYX IJIOCKHX YIJIOB B3aUMHO-NEpNeHAHKYAApHbl. [TycTs (s +
+ e,) (ea +e) = 0. OTCIOI(a
ey e - +e e +1=0.

Hcnonbaysa no.rlyl!ennoe PaBeHCTBO, MOKaXeM, 4YTO JBe Apyrue naps Gc-
CEeKTPHC TaKXKe B3aHMHO NEPHeHAHKYIAPHBI. ,[leﬁcmmenbno

(-9.1 + Ea) (E: + Ea) = Elz’s + .5123 I _e'.-_es +1=0

(ey +5)(ea +e3) = 6y + €165 + €263+ 1 =0
3ajaua jokasana.
3anaua 18, (Ck IV, 15.188)
B Tpexrpannom yrie SABC Guccektpuch yrioB ASB u ASC B3aumio
nepnenHKyaAsipHbl. JloKasarb, 4T0 MJIOCKOCTb, COAEpIKallas 9TH GHCCEKT-
PHCHI, neprieHAHKYJIAPHA rpand SBC.
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AOKA3ATENLCTBO

Ornoxum #a pebpax SA,
CB, SC TtpexrpauHoro yraa
SABC exuunyHble BEeKTOpa &,
e, s H mycth / ASB =y,
Z BSC=a, /CSA = B (pu-
cynok 18.6). Hanpasasioue
BEKTOPSl kB W m GHCCeKTpHC
¢ kwm yrnop ASB u ASC Bbi-

paXkaloTCs Yepes eJMHHYHbIC
BEKTOPbl TaK:

kzel—}'ez; m=e1+83

Puc.18.6 W3 ycioBHA nepnesauky-
JAsipHOCTIt OHCCEKTPHC R H m caenyer: uto k - m = 0, uau

| 4 cosa 4 acosp + cosy =0

Hanpasasiomuit Bektop n Guccektpucel n yrna BSC pasen e, -+ e; Pa-
BeHcTBO 1 -+ cos @ -+ cos B - cos y = 0, nokaseiBaer, 4To
(e; +€5) (e +-€)) =0 u (e, + eg) (e5+€) =0, T. e.
nlknnilm
CaienoBaTe/ibHO, JIY4 1 NVIOCKOCTH
SBC nepneHiHKy/JApeH ABYM He-
napaajeibHBIM Jy4aM & 4 m 1Jo-
CKOCTH, 3HAYMT, 5TH NJIOCKOCTH
' MepneHAHKYJAAPHbI.
3apava 19. (Cx IV, 15.204)
Han tpexrpaunstii yron. oka-
3aTh, 4T0 GHCCEKTPHCH TPEX YIVIOB,
CMEXHBIX €ro TJIOCKHM yrJaM,
JIeYKaT B OJJHOH IIJIOCKOCTH.

AOKASATENLCTBO

Ha pe6pax tpexrpatHoro yrJa
SABC oTN10XHM eJHHHYHbIE BeKTO-

PH: &y, &, & (puc. 18.7). Pac- Puc 18 7

CMOTPHM BEKTOPH #y, fy, 3, T Jyu £, — OuccekTpuca yraa A,SB, cmex-
Horo ¢ yraom ASB, t, — Guccektpuca yraa A,SC, CMeXHOro ¢ yrjoMm
ASC, ty— Guccekrpuca yraa B,SC, ecmexknoro ¢ yraom BSC. [To ycnosuio

Ex = Ea A Z’x)v : ?a =-es + (—,.éx)-
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i, =e;+ (—2y), oTkyna Iy =1, + 1, 1. e., sektopn fy, I, W #; Kom-
naauaphibl. PaccMoTpum Tenepn BMECTO BEKTOpa f, BeKTOp f = —{y,
KoTophlii 3ajaeT GucekTpucy yraa ASB, TaKiKe CMEXHOMY yray ASB.

[TockoabKy ty = t, + t3, TO ty =ty —l;, ¥ BeKTOpBI ;, £y, I3 TaAKNKE
NpUHAANIEKAT ONHON MIOCKOCTH. A_r!angmquum paccyKaeHHeM NOKaxeM,
410 BCe 6 BEKTOPOB fy, 1y, 5. 11, 2, 13, 3a7at0lLHE GHCCEKTPHCHL yTJIOB,
CMEXKHBIX MJAOCKHM yTJiaM 33laHOr0 TPeXrpaHHoro yrJja.

Sapava 20 '

Jlan TpexrpanHblit yroJ, IVIOCKHe Yribl Koroporo «, f3, y. Beuucaurs
BeJIHUMHBI €ro JBYTPaHHbLIX YIJIOB.

PELUEHME

Ora10:uM Ha peGpax TpexrpaHHOro Yr/ia oT ero Bepluansl ) eAHHHUHbIe
sekTopsl 0A = e, OB = ¢,, OC = ;. O6o3naunm LAOB =y, / BOC =
=a, £/ AOC = P (puc. 18.8). [lepnen-
JuKyaspro npamoi OA nposenem oTpes-
K BM u CN, Torna yron mMexay BeKTO-

pamu MB u NC paBen BeinuHHe [BY-
rpandoro yrja. OGo3HauuMm ero .
TNonb3ysch «3aMKHYTHIM KOHTYpPOM», 3a-
nHIIeM

BC = — MB+ MN +NC
Bossejiem ofe yacTH B CKaJIsIpHLIH KBaj-
par. [lockonbky

MB - MN = NC - MN =0,
MOy aHM
BC?* = MB* + NM* +
+ NC* — 9MB - NC Puc. 18.8
Yuurngas, uro BC =e;—e, BC*=2—2cosa, @’_—_l@[ﬂm
—~|0OB|*—|OM[ =1 —cosy, NC*=|NC[>=|OC[*—|ON[* =

=1—cos®f, MN?=(0OM — ON)* = cos®y + cos®fp — 2 cosp - cosy
HPHXDII,HM K paBEHCTBy

2—2cosa = 2—cos®y -+ cos?f§ 4 cos? y —2cosf cos y —

—cos? f — 2sin ysinp cos ¢,
ITocsie ynpoleHuit nosygaem:

cosa = cos P cos y + sin f sin y cos @,

Orciona
cos & — cos i cos y
sinfsiny

cos @, =

201



3anava 21, (Ck. IV, 15.207)

JloKasaTb, 410 eC/IH NIOCKHe yIibl &, B, Y TpexrpaHHOro yrJia CBi3aHkl
COOTHOLIEHHEM COS a. = COS & cos f§, TO ABYrpaHHbIil yroJa, Jexarui npo-
THB TJIOCKOrO yrJia, BeJHYHHA KOTOPOro Yy, MpsMOi.

AOKA3ATENLCTBO

Bocnosnbayemen dopmysofi npeamayuieii sagaun. Torma cos @ = 0,
Py = 90°.

3apaua 22. (Ck. IV, 15.185)

HaBecTHo, 4TO NJIOCKHE YIJIBI TPeXrpaHHOro yria o, P, y. Hokasats,
4TO YroJ MeXAy peGpoM TpeXrpaHHOro yria H GHCCEKTPHCOH NpoTHBOJe-

3 XAMEero MJI0CKOro yria BhI-

QHCIAETCH 1o hopmydie

cos ¢ = cosﬂ-]-c:‘sﬁ?
2(:05—2"

BOKA3ATENLCTBO
Ha peGpax Tpexrpannoro
¢ Yrna SABC otnoxum enu-
HHYHBIE BEKTODH €y, &, &y

(puc. 18.9) SK — nmaronass
napannenorpamma, nocTpo-
eHHOrO Ha BEKTOPAX e, H e,
Kotopbie o6pa3syior yroua .
Puc. 18.9 Mockonbky | e | =y|E,| =
=|e|=1, 10 napannenorpamm SMKN — pom6. Halizem ckansphoe
npoHnsBejieHHe BeKTOpoB e; H SK = ¢, -+ ;. Hmeenm

& (B2 +8) =y + & cos g
Hs tpeyronbuuka SOM

SO-—-SMcos—;—.

3naunT, ,
< |+ & =cos5 u
e (ey + ;) =2cos - cos ¢
Kpowme Toro,

El (é’ + Eﬂ) = El-é’ + E]_E. = CO0S ? + COSﬂ
H3 stux paBeHcTs nonyuum )
2 cos - cos @ = cos & + cos b,

HJIH
cos cos
cosg =¥+ 0P
2cos 5

3apaua 23. (Cx. IV. 15.198) .

Cymma JIByX IJIOCKHX YI/IOB Tpexrpansoro yraa pasxa 180°. [lokasats,
yto KX ofinee pe6po NepneHAHKYAAPHO GHCCEKTPHCE TPETHLErO IVIOCKOrO
yraa.

AOKA3ATENLCTBO
Ota0XuM HA peGpax eIMHHUHEE BEKTOPH €y, €y, & (PHC. 18. 9). Tor-

12 e, - €3 = COSQ, & . eg =cos P, rae (e, &) =a, (5,, e;) = .
YuuThiBasi ycJIOBHE, MOXHO 3amucath o + B = 180°, smauur, cos o =
= —cos P, T. e. cos & - cos f = 0, caefoBaTeNbHO,

e, - ey + € - 83 =0, orciona, e, (es+e) =0, & -SK =0.
win e, L SK, uto u Tpe6oBasoch I0Ka3ath,
Bmopoi cnocob
Bocnonbayemcs dopmyJiofi npeasiayuiedi 3anauu

cosp = cosa-i—cosE

L
QCOST

YuutnBas ycaobue (@ + f = 180°), umeem
cos & - cos (180° — @) ,
2

COs @ =

cosp =0, ¢=90°



19. OB ONHOW BEKTOPHOH 3A L AYE

Paccmorpum 3aiauy w3 kuurk I[1. C. MozenoBa «3anauu Mo reoMeTpHu»
(M., Hayxka, 1979).

3apauva, [lycrs ABC — npou3BofibHBEIE TpeyroqbHHK. PaccMoTpuMm
12 BeKTOpOB, HauaJbHLIMH TOUKAMH KOTOPBIX €CTb LEHTPHl BMHCAHHOH H
BHEBITHCAHHBIX OKPYKHOCTEH, @ KOHILAMH — TOYKH KacaHHs OKpYMKHOCTel
K CTOpOHaM TpeyrojbHHKa. JloKasaTh, UTO CyMMa 9THX BEKTOPOB paBHa
sektopy OH, rae O — HEHTP OKPYKHOCTH, ONHCAHHOH OKOJO TPEyrob-
uuka ABC, H — oproueurp ABC. -

Omu6Ka B YCJAOBHH COCTOHT B TOM, YTO CymMMa BeKTopoB paBHa 40H, a
ne OH, KaK yTBep»/aeT 3a/layHHK.

Pewum 31y 3agavy

O6o3HaunM HCKOMYIO cymMMmy Syy; K, Ky, K3 — TOUKH KacaHHsl BIHCAHHOH
B Tpeyroabiuk ABC OKPYAKHOCTH W CTOPOH BC, AC, AB. YuuthiBas ro-
MOTETHUHOCTL BIHCAHHOH H BHEBIIMCAHHBIX OKPY)XHOCTEH C KO3(phHLHEH-
TOM FOMOTETHH PABHBIM OTHOIUEHHIO HX PAAHYCOB, CyMMy S;, MOXHa 3a-
nucath TaK:

S;z=— mlr- ra + F(;r' ra + "Ks 1Ky 1p +

.
7R, - TR, - Ry-re | TRy-1e
bR Ten, Rats . Wite 4,

r

+E%&+ﬁdﬂhﬂm=ﬁ$—iﬂw%+%4+
-I-'ﬁ(',[l— Jetey fc)-!—st(l-———— _’";-4__%.:_) *)

Jlemma 1. Jlokasats, uro B Tpeyroabunke ABC HMeloT MecTo Takue
COOTHOIIEHHSA:

y B C
To= 4Rsm-52‘l-cos - C0s—-,
A (44
r,,=4Rsln%c0s - €08 -,
re .—=4Rsin—cz; cos %—cos%—.

Jloxaxkem nepByio H3 3THX ¢opMmya (ABe Apyrue NOKA3BIBAIOTCA aHaJo-
THYHO),

S  absinC __ 4R*sinAsinBsinC
p—a  b+c—a 2R(—sinA+sinB+sinC)

2R sin Asin BsinC

. B4+C B—C A A
2sin 5 cos 3 —2sin7 cos 5~
2R sin Asin Bsin C__
A B—C BFC\
2 cos T(cos 3 — CO0S ) )

go B8 oo A B B B
4R sin 5~ €0s —5- sin —5~ Cos —5~ sin—5~ cos 3 A 5 c
=4Rsin - cos 5 cos .

4 .. B .

Jlemma 2. Jlokasath, 4TO B Tpe-
yroabuuke ABC: A

_K RcosA =EB+-(Y:

TR, 2R cos B ='o—,i+m

r E D
f

Joka3arenbctBo. [JlokaxkeM mepByio
(hopMysy METOAOM Pa3foKeHHs BeKTopa ) 19 1
1O IBYM HEKOJ/HHeapHbiM BekTopam. Pas- uc
JIOXKHM BEKTOp !K. Mo BeKTOpam OB u OC. Cnenaeu _Napa/fieabHbii
nepenoc BekTopos OB u OC Ha _ BEKTOp 07, a sekropos CO u BO coor-

BercTBeHHo Ha Bektopsl CK, w BK,. IMonyuum pom6 IDK,E (puc. 19.1).
Monyunm

IK, =ID + [E

OrKyaa
ID . o IE
“=6—-ﬁ—ﬁf-

@ = —Srcosd — b
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. Taxum obpasoM,
!Kl -W(OB-!“OC). ml ‘TCOSA = 0B +w
C nomombio aemM (1)  (2) sanuiem BupaxeHnue (+), yIHTLIBASA, UTO
r =4Rsin —‘;F sin—g— sin-%

S m 4R cos A [ !K R Cos I IK =

— 2 (0B + 04 +0C + 0C + 0A + 0B) = 4(0A + 0B + 0C).

YuuteiBas ¢opmyay [aMuiabTOHa, MONYUHM
S,s =4 (04 + 0B + 0C) = 40H

= =

S

— -
;o -

® & N P o e wee
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